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BBEAEHME

Eaunsiit rocynapereennsiii axzamen (EI'3) no matematuke Bxio-
Yaet B ceba 3anauna rpynmsi B (o6a3arenbHbiid MUHHMYM) 1 rpynins C
(3a0aHUA NOBLILIEHHOH CITOKHOCTH).

B nocobuu Bei HalieTe: ocHOBHOH TeopeTHvecknil Matepuan no
IK3aMeHalUHOHHBIM TemaM; pa3fop samaHui-npotoTunop rpynnel C,
KoTopeie npemnaraloTes PegepadbHLIM HHCTHTYTOM NelArorsve-
cknx H3mepenni (PHUITH), B Tom yucie 3a1aHHil ¢ HECKONBKHMH Ba-
PHAHTAMU PElIEHHA; 3aaHHA [I/IS CAMOKOHTPONA C PelieHHAMU K OTBe-
TaMH.

BB,IHIHHSI ]Jﬂl‘.ﬂOIlB-"ﬂIOTCS no paa,tle."lau B COOTBETCTBHH ¢ TEMaMH,
TpaaMUHOHHO fpeanaraswumucs Ha EI'D no maremaruke:

Cl — pewieHue TPHrOHOMETpHYECKUX YpaBHEHHH, CHCTEM YpaBHe-
HHii ¢ 3neMeHTaMK 0TOopa KopHe.

C2 - reoMeTpHYecKHe 3a1aHHA CTEPEOMETPUH:

— paccTosHHe OT TOYKH A0 NpAMOH;

~ paccTosiHHe OT TOYKH 10 IUIOCKOCTH;

— paccToAHWe MeXKAY CKPeUIMBalOLIHMHCA NPAMbIMH,

— Yron MexJ1y NnpaMo# ¥ NNOCKOCTEIO;

— Yroi MeXKAY MIOCKOCTAMH;

— yrojl MeXAy CKPELIHBAOUHMHCA MPAMBIMMH.

C3 - nokasare/ibHble YPaBHEHHA W HEPABEHCTBA, CHCTEMbI YpaBHe-
HHit U HEpPaBEeHCTB.

C4 - reomeTpHYeCcKHe 3a1a4H NO MUIAHKMETPHH, T/ie BO3IMOXEH He
OZIHH BAPWAHT PeLUeHHIA.

C5 — 3ananmna Ha peuleHHe ypaBHeHWH W HEpABeHCTB C napamer-
paMH.

C6 — 3anaHus, A8 pelleHHs KOTOPLIX HCMOABL3YIOTCA HecTaHaapT-
HbIE MOAXOA! € EMEHTaMH JIOTHKW.

C nomouibto JaHHoro nocoOua Bbl cMokeTe ycrnelHo MoAroTo-
BHTBCH K 3K3aMEHY, a npuobpeTeHHble 3HAHHA, YMEHHA W HABBIKH BOC-
TpebyloTes MpH Npo1onkeHHH 06pazoBaHua.



3apaHus yposHa C1.
TPUTrOHOMETPUYECKME YPABHEHUA
N CUCTEMbI YPABHEHMIA

1.1. ®opMynbl TPUrOHOMETPUM

[Ipn pelieHun TPHIOHOMETPHYECKMX YpPaBHEHHIl [10/1€3HO 3HATH
cnenyoune GopMynbi:

1. @opmy.ibl, BLIpAKAKLIHE 3ABHCHMOCTE MeX1y TPHIOHOME-
TPHYECKHME PYHKUHAMH 0JHOT0 H TOTO e aAprymeHTa:

sin‘a + cos’a=1; sinfa=1-cos’a; cos’a= | —sina;
ta-ﬂ a_cosa tga-ctga = 1; tgu = . ctga = L
80 = Gosqy Cl8a= 0 fgarctg B¢ ™ Stiga B¢ T ga’

|
| +tgla=——=; | +ctgla ==
g cos’a’ & sin‘a’

sina = tga-cosa; cosa = ctga: sina (npu BCex OOMYCTHMBIX d).
2. QopMyIbl CYMMBI H PA3HOCTH TPHIOHOMETPHYECKHX QYHKIHil:
sin(a = f§) = sina-cosff £ cosasing;
cos(a = ff) = cosa-cosfl F sinasinfs;
tga + tgf
tglax f)=— .
gaxp) 1 Ftgatgh’
(a#%+mk; ﬁi§+m; axf#5+am knme 2).

3. ®opmyel 1BOHOTO M NOTOBRHHOTO APTYMEHTA:

sin2a = 2sinarcosa; sina = 2sing-cns-'23;
cos2a = cos’a — sin‘a = 2cos’a— | =1 =2 sin‘a;
cosa = cos"2 — s5in?€ = 2cos* 2 - 1 = | -2 sin*g;
2 2 2 i

| —cosa= Zsin:g; | + cosa = 2c0s*Z;

2tga T ) T,
tg2a=———; af=+nkkeZ at=-+-mmelZ
e P B ™



4, ®opmybl NOAMKEHHNA CTENEHH:
| + cos2a, sk | - cos2a
—s— sinfa=———.
5. ®opmybl npeobpazoBanns cyMMel (Pa3HOCTH) TPHIOHOMe-
TpH4ieckux Pynknuil B nponssegeHne:

. . g - -
sina + sinf = 2sinZ ﬁ-cosﬂ;

cos’a =

2 2
cosa + cosff = 2cos2 ;‘6 -cusa%ﬁ;
cosa — cosfi = —Zsin‘a—;—ﬁi-sin ¢ ; 'G:
sin(a + ) T T
ttgf=OZP). Xk, f+Z+mneZ
tga + tgff ascail a#z m’rkeZﬁ;‘-z nm,n e

6. dopmynsl npeobpajoBaHEd NPOH3BeJeHNA TPHIOHOMETPH-
Yeckux pyaxkunit B cymmy:

sinasinfl = %(cos(cz - B)—cos(a + B));
cosa-cosfi = %{oos(a — ) + cos(a + f));
sinacosfi = %(sin{a + B) + sin{(a - f)).

7. dopmy/inl IPHBEICHAN:
a) npu nepexoae ot QyHkumit yrmoe ';' + a, 3%: * a K GpyHKUMAM
yria @ — HasBaHWe QPyHKIWH HIMEHAETCA: CHHYC Ha KOCHHYC, TAHTEHC
Ha KoTaHTeHc W Haobopor;

TIPH NEpEXoe OT YINOB T+ ¢, 27+ ¢ K QYHKUHAM YIa @& — Ha3sa-
HHE HYHKUHH COXpaHseTCH;

0) ecnu & — ocTpeli yron (te. 0 <a < —g-), nepen GyHkumeit yrna a
CTAaBHTCA TOT JHAK, KAKOM MMeeT NpHBoauMas (GyHKIMA,

8. ®opmyasl a8 BAXOKAERHN KOpHeil TPATOHOMeTPHYECKHX
ypaBHeHHH.

YpasHeHHe sinx = @ uMeeT pellleHHe, ecH |a| < |. Dopmyna Haxox-
DNenus kopHeii: sinx = a, x = (—1Y'arcsing + mm, n € Z.

TTone3Ho MoMHKTL, YTO arcsin{—a) = —arcsing, 0 <a < 1.



YacTHbIE CTY4AH pelleHHA TPHNOHOMeTPHYECKHX YpaBHeR i
sink=0, x=man, ne Z;

sinx= 1, x=%+2mk, kelZ

siny = —1, x=—%+23rm. meZ.

VpaeHeHHe cosx = a WMeeT pettierwe, ecH |al < 1. Dopmy:ia Ha-
XOXKIeHUA KOpHEe#: cosx = a, x = tarccosa + 2am, m € Z.
3ameyanue: arccos(—u) = r—arccosa, 0 <a<1.

T
cosx =0, x=§+:rk. ke lZ
cosx=1, x=2m, ne Z,
cosx=-1, x=x+2mm, me Z

B npuMeHeHHH YacTHBIX CITydaeB pelleHUs ypaBHeHuH nomomer
OKPYXHOCTb €AHHHYHOTO pajinyca.

L
o2 [(0;1) ‘\

0) (1:0)

T
(-1:0) 0

/2

VpaBHeHHe 12Y = ¢ HMEeT KOPHH NpH moboM JeACTBUTENBHOM 3Ha-
YEHWW a4, TO eCTb i € K.

Mopmyaa 19 HaxoKJIEHHS KOpHell uMeeT BHML: Y = arctga + mn,
nelZ.

3avevanue: arctg(—a) = —arctga, a = 0.

YpaBHeHue cigy = ¢ WMeeT KOpHH NnpH mobom JelcTBUTENbHOM
3HAYEHUH a, To ecThb & € R.

@opmya 118 HAXOKIAEHUS KOpHelH MMeeT BHL x = arcctga + an,
nelZ

3avevanue: arcctg(—a) = - arcctga, a = 0.

Tlpu peleHHH TPHrOHOMETPHYECKMX YpaBHEHMH Heobxoamumo
3HATH paclio/lsKeHHe 3HAKOR 3HAYEHWH TPUIOHOMETPUYECKHX QYHKUHHA
B YeTBEPTAX OKPYKHOCTH EAWHUYHOTO paauyca.
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1.2. TunuuHbie 3apaHns ypoeusa C1!

IIpamep 1. Peumnte ypasneuue (2cos’s + cosx — 1 )V -sinx = 0.
Pewenue: Tlpexae scero, 3aMeTHM, 4To —sinx = 0, a sinx < 0.
2cos’x + cosx—1=0
VpaBHeHuWe pacnagaeTcd Ha CHCTE 4 3
p pacnan My sinx < 0;

# ypaBHeHue sinx = () UMeeT KOpRH X =71, n € Z.
Halimem cosx u3 nepBoro ypaBHeHHA CHCTeMbI: cosx = —] U cosx = %
sinx <0, (1) {sin.x <0, @)

Hmeem nBe cucTeMsbl
cosxy =—1|; cosx = |/2.

Hasnee ynoOGHO MCMonb308aTh OKPYKHOCTE EWHHMHOTO paaHyca.

(1 )

A A

1.
N

x=g+2an, ne Z x=-%+2mk,kez.

Omeem: 7, n € Z; -i;-+2:rk, ke Z

' B nanwuuiil pasnen sxmiowensl 3agauns EI npowneix net.



Ilpumep 2. Pewinte cucreMy ypaBHeHHH:
Vsinx-cosy =0,
2sin’x —cos2y -2 =0.

Pewenue. OBnacTh AOMYCTHMBIX 3HAYEHHHA 114 Y 3aJaeTca Hepa-
peHcTBOM sinx = 0. [Nepsoe ypaBHeHMe cMCTeMbl pacnanaeTca HAa JBa
ypasHeHus: siny = 0 wiu cosy = 0.

[Mycts siny = 0, Torna BTOpOE ypaBHEHHE CHCTEMbI NPHUMET BHIA
cos2y = -2, KOTOpO€E pelleHHid He MeeT.

Janee. mycts cosy = 0, npu 3ToM cos2y = 2cos v — | = —] u BTOpOE

& i, l E I'
YPaBHEHHE CHCTEMbI NpHHKMaeT BuA 2sinx — | = 0, sin“x = 5 M sinx = =
N

(c yuetom sinx > 0). Hrak, x = (—1)"%+ rk.ke Z,y= % +am.me Z.
Omeem: (-1 )‘% + mk; % +am), ke Z e Z

Hpamep 3. Pewunre ypagHeHue

2 - 3sinx — cos2
ox® —mx — 1

Pewenue. Haiinem oGnacte onpenenequs ypaBHenua: 6x° —mx — ° #

=0,

T T
# 0, oTkyna x # 7 x;E—-i.

Hanee pewiaem ypapHeHwe 2 — 3sinx — cos2x = 0,
2 = 3siny — (1 = 2sin’x) =0,
1

2sin"x — 3sinx + 1 = 0, oTkyaa sinx = | wam siny = 3

x=%+2mn. me 7, x=(—l]*%+ml:, ke Z

Omeaeni: §+2?rm, me Z,m#0; (—1}‘%+mk. kel

-

1.3. Ot6op KopHe#n
TPUrOHOMETPHUHECKNX YPAaBHEHNHA

Ha EI'D npeanaraiorcs TakMe TPUIOHOMETPHHYECKHE YPABHEHMA,
riae HeoBXoAUMO npou3secTH oTOOP KOPHER. NPUHAANEKAWMX MPOMe-
XKYTKY WIH YAOBNETBOPAIOLINX OMpeae1eHHbIM YCIOBHAM.

CyutecTeytoT paziuyHble cnocodbl oTGopa KopHei.



Ilpumep 1. a) Pewunte ypapnenue cos2x = —| — sin(g - X);

6) HaiianTe BCce KOPHM 3TOFO YPaBHEHHA, MPHHAIEKALLHE TTPOMe-
ey | 2:a]

Pewenue. Tax Kak cos2x = 2cosx — | 1 sin(% — X) = cOSX, TO HC-
XO/IHOE YPABHEHME PABHOCH/IBHO ypaBHeHMIO 2cos’y — |1 = —] — cosx,
2cos’x + cosx = 0, cosx(2cosx + 1) = 0, oTkyaa cosx = 0 unu cosx = —%.

KopHu nepBoro u3 nony4eHHsIX ypaBHeHuil 3anatrorca dopmynoi
%+rck,ke Z,ampom:l:%g+2m,ne Z

YkaueM paziHuHbie BapHaHTE! PeleHHi no nyHkry 6).

I-e pewenue. Dynkumna f(x) = % + ntk, k € Z sBiseTcs MOHOTOH-

HO Bo3pactaoweil. Haxoaum kopHH, NpHHALIeXkal[He JaHHOMY TpOMe-
e 5 5 3

- =_O% _om | 3% _|
k=-3, x 3 & > n:l,

2"

=9 y=_3% 3 _|[ 3=z }
k=-2, x T A
” - & _=_[ 3 ]
k=-1, x 5 5 €|~ 5 7
= yu k. Byl 32 ]
k=0, x 3 3 = 5 7

== =3_I.- 25 .,__3_x‘ ]

k=1, x i B
AHaNorHYHLIe paccy/I€HHs NPOBOAHM JUIA CEPUH KOpHEeH x =

=:b-23-£+2m,nez

ﬂmzs—x+2m,n626yne‘r:

o e 0E 10r [ 3r )
n=-d 2= — - € |- %p

47 _E _g:_r_ A
% S’ S 2"’]‘

n=-], x=-



4
n= U.‘_Zx "?r '

3’
8 8:1'

n=1x= 3 ]

Jlanee paccMOTPHM CHTVALMIO AR —% +2mn,ne Z:

Wr, g [ n )

n=-=1, y=- 3 "‘T
_ _ 2z 2w _[ 3= ]
L S Y e
. _d4r 4m 3Im.
n=], x =3 —3-65 —--?.—,:r]
N 4 2r
Homyuaen omeem: a) 5 +rk ke Z, iTwl— 2mn,n e Z,

6) 3n _m & _4rn 2z 2n
2" 2'2° 3" 3%
[puBeaem amopoe pewenue nyHkra 6).

3r

I'I}hr:n:.x=£+m’rJ'cre.Z'.'r'mr.ﬂ.ai—TE%+:*r15."_“~11',—i +k<1,

<l
2 272
= k=-2, k=-1 u k=0,

INocie noaCTaHOBKH NONyYeHHBIX 3Ha4YeHHii k B ypaBHeHue x =

-2<k=

b —

-g- + 1k, k € Z nonyumnm vacTHele (Y)ke HAIICHHBIE paHee) peLieHus:
_3m _z
r Rl 5

id[ﬂ

Hycrbx—-z—+ 2mn.n e Z, mma—gffig-Jr 2mn < m, n € Z, oTKy-

3 23

4 2w

3q
2r

AHanorH4yHble paccy;KIaeHua s x = —ZT + 2mn, n € Z pawor: -3

aan=-1unn=0,nnonyuaem: —

X X% A% 2u2x
2223 301
PaccmoTpum ellie 0aHO pelleHHe No NyHKTY 0), rae MCrnons3yercs
OKPYKHOCTb €JMHHYHOTO pajMyca.

M MoJy4aeMm OTeeT: 214 6) —

10



.
=

Bce xopHM cepum x = % + ak, k € Z na

=
=]
ds
N

OKPYXHOCTH H300paxkaroTcs Toukamu A u

o 3r. =«
- B, KOTOpBIM COOTBETCTBYFOT qnma—~2—; —5;
0 >
'—/ ";E; a KOpHAM x = :sz’r + 211‘;’ n € Z cooTBeT-
-2 dr. 2m 2x

CTBYIOT 4HCNa ——= — == =, n306paeH-
Hble Toykamu C u D.

Ilpamep 2. Haliaure Bce pelueHus ypaBHEHHS sm— o cos— = | +sinx,
YAOBJNETBOPAIOLIHE YCAOBHIO [x| < 2.

Peuienue. Tak kak 1 + sinx = (sm% + cos%)z, TO HCXOJHOE YpaBHe-

HHe PaBHOCH/IBHO YpaBHEHUIO (sin% + cos%](l - (sing + cos%)) = (. or-
Kyna sin-';—+c0&’%=ﬂﬂx=—%+2ﬂk.ke Z

'£+ x: E_E ‘-_—_!.- i_E‘:‘_ E ¥
Wi sing + cosx 1, cos(2 4) B 273 4+..IH.HEZ+

Paccmm‘pnu JABe CHTYyalluH:
e +2mmez x=g+4am,me Z.

Cpa3sy 3aMeTHM, YTO KOPHH 3TOH CEPHH He YIOBNETBOPAIOT Hepa-
BEHCTBY [X| <2 HU NpPH KAKOM LIENOM 3Hatremm m.

2. Jlanee nonmyuaem etme oaHy cepuio ~ — = =~ 4+ 241 | € Z,

x =4zl | € Z. Wz sTo#t cepun kopHe# Tonbko X = () yIOBIETBOPAET He-
pasencray |x| <2.

Pewmm B ueaslX unciaax HepapeHeTBo —2 < —-;:7 +2mk<2,

Z_2<2mk<2+Z% J—*igksl+—l-, Takkak k € Z, To k=0
2 2 4 & r 4

T
¥ X = =7 = ellle OIHO HCKOMOE PELLCHHE NAHROTO YPABHEHHA.

LK
Omeem: > 0.

Tpumep 3. Pemmre ypasuerne (cos2x)V2 —x2 = 0.



Pewenue. Jlannoe ypaBHeHHe paBHOCHIIBHO CHCTEME

{;isg:gn ypaBHeHHi0 V2 — X2 = 0.

KopHamu ypasHeHus cos2x = 0 cmyxar uucinax = % + %"‘ nel

Teneps w3 Hux BLIGepeM Te KOPHHW, KOTOpbIE YIOBIETBOPAIOT Hepa-

BeHCTBY 2 — x* > 0.

[TpocToii nepebop WM pemieHHe HepaBeHCTBA —|2 s% + %H <\2

F 4
B LENLIX YyHeIax nokassmBaer, yton =—-lun=0,Te. x = :i:E —~ KOpHH

JaHHOTO ypaBHeHWs. OCTaeTca 3aMeTHTB, 4TO X = 2 TAIOoKe ero KOpHH.

Omeaem: +\7; i%.

3a1a4m AA8 CAMOCTOSTEILHOIO pemenns'.
Peluute ypapHeHuS:

sin’x — 3sinxcosx + 2cos*x = 0.
Omeem: %:- +xl, arctg2+mm, LnelZ

2sin’x + sin2x + cos’x = 2.5.
Omeem.: %4- nl, arctg3d +mn, LneZ.

2sinx + 3cosx + 3= 0.
Omeem: m+ 2rk, —2arctgl,5+2mn, k,ne Z.

3 sinx - cosx =1,

Omeem: (—1)‘%+%+xk, ke Z

sinx — sin2x = Zsinfg.

: ¥ _pE_X
Omsem. 4+Jrf. ( l)*4 4+Jrk.. LkeZ

sin2x-cos3x = sindx-cosSx.

m xR ez

Omeem. St

' B aaunwi payien BKMOYEHs! 3a1aHKa npotoThnos EIM.



10.

11.

2sin?*x — 3sinx + | -
2cosx — 3
Sz

Omeaem: -g-+ 2xl, T + 2k, LkeZ

|
\Jl —aé-corsx = ginx.

Omeem: %+ 21, -g- +21k, LkeZ

1
—_— =
cosV2 —x 3

Omeem: i\lz_—T;E

sin(2mcosx) = 0.

Omeem: %, :b% +xk, k,nelZ
(cosx = 1)(2sinx + 1) _

Vetgx

Omeem: %+2mt, ke Z

*J'sin.rcosx{

1 _
=" !)—0.

Omeem: ;;gir +ak, ke Z

. {sinx — 1)(ctgx + 1)Vsinx = 0.

Omeem: %+ 2xl, % +2xk, LkeZ

(V3 cosx — 2cos’x)log (—ctgx) = 0.

Omeem: —E+2zl, gk LkeZ

6 4
(2)” + Ty — 4V =sinx = 0,

. Pemmre cucremy ypaBHeHuHi {cosx —ym=Q.

1 =1 ==].

_ T
omem_.[""3*2"""52*{3=2xk,kez, x=m+2mneZ
29



16.

17.

18.

19.

20.

21.

22,

(Vsin®x — 1)(tg"x — 3X2Vcosx — 1) =0.

Omgem: :t—} + 2wk, iarccos% +2mn, knelZ

PewnTe ypaBHeHne ;;052% - si.n:-‘;— + cos2x = 0 W HalinuTte KOpPHH,

npHHaANEKaLIHe OTPE3KY [g; 21!].

Omeem: i%r + 2k, n+2xl, k,I e Z, orpesky npuHaanexkar Kop-

HHT&
33-

5) + sinx = 0 u Haiiau-

Pewnre ypaBHeHHe (msi - sinilcosi +sin
2 2 2 2

TE KOPHH, MpHHALICKALIHE OTPE3KY [I; %].

Omeaem: —% + nl, ] € Z, oTpesKy NpHHALIEKHT KOpeHb %.

Pewmte ypasHeHue Tsin’x + 4sinxcosx — 3cosx = ( u HalauTe kop-

[3:r Sx
HW, TIPHHALIEHKALLHE OTPE3KY

Omaen: arctg% + ml, =3 T+m,lneZ OTpe3Ky [pHHAL1eXKaT Kop-

HH %; arctg% + 2m.
Pewnte ypaBHenue 2co0s’2x — 3cos2xy — 2 = 0 n HaHaWTE KOPHM,
npuHayexauwme orpesky [0; 2x].

Omeem. =|:i + 7k, k € Z, oTpe3ky NpHHAIEKAT KOPHH :3: 43:1' 2311’ 53:1-

Pewnre ypasHeHue sin’% - -;- = COS’X ¥ HAlAWTE KOPHM, NpHHA-

nexxalune npomexyTky (—m; 2z].

Omeem: -’25 + mk, d:g;f + 2mn, k, n € Z, npoMexyTKY TIpHHAIIEHKaT
r w, 2m 2x 4rm 3m

=T T

Petunre ypasHetue e Jnet [, 0. Omgem: Z+2xl, | € Z.
— . & A :
lU(:(‘:ls.x ——2'



23.

24.

25.

26.

27.

28.

29.

30.

Pelnure ypasHeHue (cns‘x - %)'1, sinx ——% = (.
Iz

Omaem: {—1)"%+n‘t ke Z %+2:m, nelZz T+2ﬂ' lelZ

a) Pewnre ypasHenue sin2x — cosx + dsinx - 2 = 0,
0) HaHaMTE KOPHH, YIOBIETBOPAIOWIHE HEPABEHCTBY lx—%{ <n.

- (<IpE z iz
Onigem: ( I)-‘6 +nk, ke Z, AR
Haiianre xopeHb ypasHenus 2 — 6sin’(x — 1) — Ssin(x - g] =0, ne-
JKaluii B uurepsane (2; 3r).
T

Omeaem: 3

Pewnre ypasnenue log . (1 + cosx) = 2.

Omeem. % +2xk, ke Z.

Haijigute Bce pelnennn ypasrenns (1 + ctgx)sine = 0, npunagnexa-

LiHe poMexyTKy [—r; 2x].
REL: z, 3n T

Omeaem. —4—+m', le Z, iy

HaiinuTe Bce KOpHH ypaBHenns 2sin®x + /3 sinx = 0, yaosnersops-

IOLIHE YC/IOBHIO COSX < 0.

Omeem.; m + 2nn, —% +2nk, k.ne Z

. |2sin® - 3sinx =0,
Pewmnte cucTeMy ypaBHEHHi {\‘2_}, —cosy =0,

Omeem: x = 2nk, ke Z, y = %

a) Peluure ypaBHeHue tgx + cc:us(-32E - 2:] =0;
0) HAM/IMTe KOPHH YPaBHEHHA, YAOBIETBOPAIOUHE HEPABEHCTBY

|cosx] < -?»

Omsem: nk, k € Z, %+ 5
N

cepuA KopHei -E-+ 5 e Z

2 neZ HepaseHcTBy ynosnersopser



3apaHnAa ypoBHa C2.
FEOMETPHA

2.1, PaccTosaHMe OT TOUKM 40 NPAMOW

LA

I. PaccTrosHuem OT TOYKH A0 NPAMONH Hasbl-
BaeTCsd AHHA NepneHAHKY/spa OT 3Toi Tou-
KM K NIPAMOIi.

B

5  ABLCD

Puc. 1.

1. Paccrosanue ot Touku B no npamoi AC pasHo a, ecam
c=a-~-b = ZC =90".

I11. Paccrosanue ot To4ku C 00 npsaMoit AB MOXKHO HalTH,
MCTIONB3yA cooTHOLERMA (LC =90°):

1 - 25 e
Sy =50b; Syu=3CHAB; CH=—2".

IV. Paccrosnue ot Toukn B 1o npamoi .4C pasro BH.

e | = BH =NAF A
BHLAC = =NAB - AH".

V.BAABC AB=c,BC =a,AC = b,

Haittu BeicoTy BA.
c . ANIOPHTM pellleHHA 3a1aqH:
1) no Teopeme KOCHHYCOB HaHaeM cosAd;

H b C 2)Haizaem sind (sin°4 = | —cos’4);

Pic. 4. 3) 28 = sind = BH = ABsind.



VI. B AABC AC = BC u n3sectHo PC, Haiitu BH,

B
1) Haizem S,.,. = ch-Aa-
P
2) u3 paseHcTBa S, .- ZBH AC Bpipazum BH,
A H C BH=—"22
Puc. 5. %

3apaua 1'. B npasunbHOH WECTHYToNbHOH npHiMme
ADCDEFA B C D E F,, pce peGpa koTopo#i paBHBI 3, HalaHTe paccTos-
Hue ot 1ok C 10 npamoi D E .

F E,
' !
] l
AI I :Il D|
1 )
]
+ iy
B, i Cli
i :l 3
D 1T
’f‘ :I'r \\
A - :: LY D
P
B
C
Puc. 6. Puc. 7.

Pewenue. Haiinem croponnt ACD\E . M3 npsamoyrofbHONo Tpe-

yroneuuka CDD, waxomum CD: CD, = 3\r
Haxonum II',H&I‘DHH..I‘[I: ocuoaamm 'CE: CE= 33,
H3 npamoyronsuoro Tpeyronshuka CEE, naxonum CE: CE =

=\27+9 =36 =6. [Tposopum CHLD E,. CH — HCKOMOE paccTogHHe

(cm. puc. 7).
Haxonum no teopeme xocuHycos cosZE, n3 ACDE: CD? =

= DE? + CE? - 2D E, CE cosZE, 18 = 36 + 9 — 2:6:3cosZE,,

ﬁi&

3 9
36cos.££.' i f cosz_'ZE sméE ﬂt 16 =

! 3anava npeanaranace Ha EI3 8 2011 .
17



U3 tpeyroabuuka C EH naxonum CH: CH = 6-% = 3—2ﬁ

Omesem: -3—;1

3apaua 2. B npasuasHOi TpeyronsHoil npusme ABCDA B C D,
sce pebpa koTopoii paBHbl |, HaliMTe paccToAHME OT TOUKH A g,n npn-

MO BC..

A

C

Puc. 8.

Pewerue. Paccmorpum AAC B, cTopoHbl KOTOpOro paBHbi: AB = 1.
BC, = AC, = \2. Ilyers C HJ_AB u AMLBC . Tak kak AABC, pagHo-
ﬁeﬂpeHHmﬁ 10 C, H nerxo HANTH 13 npmnymm.mru T‘p&\*f‘ﬂﬂbHHKaC HB:

CH=\2-1 ‘”. Svuc, = 3C,FAB = SAMBC,
\ﬁ 2= = s VF:-'; = \"ﬁ

35 I -*Aﬁ-f:f, oTKyaa AM = > S

Omeaem: l‘-'!‘i

3anawa 3. Jlan ky6 ABCDA,B,C,D, ¢ peGpom 2v2. Halitu pacctos-
HHe OT cepeantbl pebpa B,C| ao npamoit MT, rne M u T — cepeanHsi
pebep AD u A B, cOOTBETCTBEHHO.

Pewenue. lycte P — cepenuna pedpa B, C,. Hyauo nairmu pacero-
AHHE OT TovkH P 10 npamoi MT.

INonyuaem AMPT. H3 npamoyroabHoro tpeyroasinka MNP Haxo-
aum MP =8 +8 =16 = 4.

H3 npamoyroabHoro Tpeyrosuuka 7B P umeem TP =V2+2 =2

18



L ]
P\UIT .
A3 s
' vy
Pl
i J‘ ! #
: f, I L
oy
i:".;-'; D ----- - - - C
[ ' e W
A
Puc. 9. -

Tak kak LT = TP = 2, To W3 npAMOyTOALHOrO TpeyronsHuka MLT
umeem MT = V8 +4 = 23, Paccmorpm AMTP: TP = 2, MT = 243,
MP = 4. Tax xax MP* = MT* + TP*, To nio Teopeme, o6paTHOl Teopeme
Mudaropa, AMTP npamoyroneHeiii ¢ npaMeim yraom MTP u uckomoe
paccroanwe TP =2.

Omeem: 2.

3anaws 1,18 CAMOCTONTENLHOIO peLleHns.
1. JlaHa npaBuiibHas wectHyronbHas npusma ADCDEFA B C D E F ,

Bce pebpa kotopo# paeHel |, P — cepenuna pebpa 44,. Haiinure
paccTosHMe oT ToukH P 1o npsmoi BE .

2
Omeem: —.
V5
2. Pebpo kyba ABCDA B,C D, pasno 1. Haiinure pacctosHue ot Tou-
xu C| o npamoii BD, .

W2
Omeaem: '\’:

3. B kybe ABCDA B C D pebpo pasro 1. Haiizure paccrosnme ot
Touku D no npamoit MN, rae M u N — cepeannnl pebep D 4, u BC
COOTBETCTBEHHO.

Omeem: 3.

4. [an xy6 ABCDA B,C D, c peGpom 2V2. F — cepeanna B,C,, M u
N — cepepunnl pebep AD n A, B,. Haiiaure paccrosnue ot Touku F
Jo npaMoit MN.,

Omesem: 2.

19



10.

11.

20

B npasunbHOil YeTbipexyronbHo# nupamuae SABCD wieecTHo,

uyto AS = 2, AB = |. HaliauTe paccTosHue OT TOYKH A 10 NpaMOH
SK, roe K — cepenuna pebpa BC.
M
Omeem: .
2V15

ABCDEFA B C D E F, - npasunbtas npusma, sce peGpa koropoid

1
paeHel 1. Hﬂ.ﬁ.ﬂ;ﬂ‘é [;accroaﬂue OT ToukH A 110 npamoi B E .

Omeem: jil

ABCDA B C D, — npamoii napanneaenunen. A4, = 8, AD = 243,
AB =473, ZBAD = 60°. Haiianre paccTosiHHe OT ToukH A 10 Gps-
mo# B D,

Omeem: 2\19.

B npasunsuoii wmectwyronsHol npusme ABCDEFA B C D E F

=y
Bee pebpa pasub |. Halinure paccrosnme ot touku B 1o npaMoit

Omeem: 3.

ABCDA B C D, — xy6, pe6po xoroporo paeHo |. O - Touka nepece-
yeHus auaronaned A C v B D,. Haiigure paccTodHue oT Touku O
o npsmoit A C.

|

Omaem. \TE

Pebpo kyba ABCDA B C D, paeHo 1; O — To4yka nepeceyeHns Jua-
rowaneii rparin BCC B, Mwu N — cepenunst pebep ADw D C|. Haii-

AWTE paccTosHHe OT ToukH O 10 npamoii MN.
—

N i
Omeen. 51‘?

Pebpo ocHopaHWA MpaBHIILHOW LIECTHYTONBHOW NHpaMKIbl
SABCDEF pasvo |, M — cepenvna pebpa SD. Haiiaure paccros-
HHE OT Touku M o npamoit AB, ecnu SD = 2.

Omeem: -“3—9

ABCA B C, - npaBunbHas TpeyroibHas TpHIMa, Bece pebpa KoTo-
poit pasunt |, O - Touka nepeceueHus meauan A4 B C,. Haiinure

paccTosHHe oT ToukH () 1o npamoit BC.
=a

Omeaem: %



13.

14.

el gk bl |

AB =4, CC, =6. Ha pebpe A4 B3sTa Touka F Takas, uto AF: FA,
=2:1, a Ha peGpe BB, B3sta Touka K Takas, yro BK: B K =1:2.
Touka M~ cepennna pebpa C, D,. Halinute pacctosuue ot Toukn M
1o npamoii FK.

B npamoyronsHoM napamnenenunene ABCDA BC D, AD = 3,

9
Omeem: —.
NS
B npasnwisHoM uersipexyronsHoii nupamune SABCD Bce pebpa
paBubl 1. O — Touka mepeceveHns nuaronaneii oHosanus; N, P n
M — cepeannnl otpeskos A0, BC w SC coorsercreenno. Hadiaure
paccTosHHe OT TOukM M no npamoit NP,

Omaem: i%

. B npasuneHoM TeTpasape SABC pebpo pasno 1. O — Touka nepe-

ceueHHs MeauaH Tpeyronsuuka SBC; SM — menwaHa rpaHu SAB.
Haiimute paccrosHue ot Touku O Ao npamoit SM.

Vi1

Omeem: —.

6V3

2.2. Yron Mexay NpsaMoi U NA0OCKOCThIO
‘A 3a yeon mexcdy npamol u nrocko-
CMIbIO NPUHWMAEMCR GeAUYUHA yena
Medcoy 3mou npAMOt U ee npoexyu-
C eli Ha MY RAGCKOCMb,

AB — npsmas, ABNa = B. ACla,
BC — npoekuus AB Ha NIocKOCTh @,

ZABC — HekoMBIH.
Puc. 10. Owuesngmo, 0 <@ <90°.

3agaua 1. Vron 4 B ocHosaHwH npsmoi npusmbl ABCA B C|

npamoi, AC = AB = AA, = 1. Haliaure yron Mexay npsMoi A8, u wio-
ckocteio BB C.

Pewenue. 1) NMposogum AP BC,

2) cc L(4BC) L4
(AEC}) = CC AP,

21



A, ¢,
Bl
A RS N C
P
B
Puc. 11.
3y APLBC
APLCC, | = APL(BCC)),
BC N CC,

4) AB, — naknonnas k mnockoctd BB C,
AP — nepnenaukynap k nockoctv BB C,) = ZAB P — uckomblit;
B P — npoekumsa na niockocts BB C,

J’..-T
5) [Mockoaeky BC = AB, = 2,10 AP = %BC = 12:-:
6) U3 tpeyroasHuka AB P Haxonum sinZAB P = AP . EL -l

Omaem: 30°,




3ana4a 2. B npasuabHO# TpeyronsHoi nupamuae SABC, cropoHa
OCHOBaHWA KoTopo#l paBHa 2, a Hokosoe peGpo paBho 3, Toukn M u N -
cepeaunnl pebep SC U AB coorsercrsenno. Haiinure yron mexay npa-
MOH MN H MIOCKOCTBIO OCHOBaHHMA [TMPAMHILIL.

Pewenue. B nnockoct SNC nposeaem MFLNC. Tak kak SM = MC,
MF || SO, 1o no teopeme ®aneca FC = FO. AcHo, yto yron MNC — mc-
xomblii, U3 ANCB no teopeme [Indaropa NC = 3.

2 —_ 2
3amerum, OC = NF = =3 =—,
(R +

Tax kak MC = 2 TO H3 npmoymm.uoro Tpeyronbunka MNF naxo-

25
™3
anm MF: MF =\MC? - FC*= \J “r?g ‘j\g M3 atoro xe Tpe-
3
yroasuuka Haxonum tgL MNF: tgZ MNF = < ‘;g’ ::J: o3 = \Eﬁ
ZMNF= arctgﬁ.
V23

Omsem: arclgT

3anaua 3. B npasuneHol wectuyronsHof nupamuae SABCDEF
nposeaeHa Buicota SO, M n N — cepenunbl orpeskos OC u SE cooTet-
cteenno. Haiioure yron mexay npamoi MN W II0CKOCTBIO OCHOBAHHS,
€c/IH CTOpOHA ocHoBaHHA 2, a bokopoe pebpo 3.

23



Pewenue. B nnockoctu SBE npopoaum NK || SO, n nockoneky
SOL(ABC), To NK1(ABC), 3uaunt £ NMK — uckombiii.

Tax xak OF = OC = 2, 7o OK = OM =|. HerpyaHo BHieTs, YTO
ZKOM = 120°. Jlanee MOXKHO NO TeopeMe KOCHHYcoB HalTh MK:
MK =1+1-211cos120° =3. MK =V3.

Mo Teopeme Mudaropa uz ASOD naxoaum SO: SO =9 —4 = 5.

NK = 23()*3

HakoHen, wu3 npamoyronbuom TpeyroabHuka NMK Haxoaum

tg/NMK: tgsNMK =K - N5 _ 15

Omeem: ZNMK = arctg ?

3asaus 118 CAMOCTORTE/ILHOIO pelleH s,

16. B xybe ABCDABCD Mu N - CepeHHbl pebep D .C, u 44,
COOTBETCTBEHHO., Hmmu're yron mexay npamoit MV u rumcmmm
ABCD.

Omeem. arcig—.
¢F

17. B npasuibnoii TpeyronsHol nupamuae SABC ¢ ochopaHuem ABC
AB = 8V3 n SC = 17. Haiiante yron, o6pa3oBaHHbli N10CKOCTHIO
OCHOBaHHA W mpamoi AM, rne M — Touka nepeced4eHHA MeIHaH
rpann ABC. s

Omeem: arctg —.
aenm 3!’3332

18. B npaenabHoii ueThipexyroabHoit nupamnae PABCD c seplunHoii
B Touke P Bricota PK = 12, cropoHa ocHoBanua pasHa 9V2 . Ha pe-
Ope AP B3ata Touxa M Tak, yto PM: PA = | : 5. Haiiaure yron, ko-
Tophiii 06pasyer npamas MK ¢ nI0CKOCTbIO OCHOBaHHS.

Omeem: arclg 1§

19. B npaBwibHOM qempexymnbuoﬁ npusme ABCDA B C D AB=4,

DD, = 8. Haliante yron mexay npamoi AD, NIOCKOCTHIO BDD,.

1
Omeem. aresin—.

V1o
20. B kybe ABCDA B, C D, naiinure TaHreHnc yma Mesay npamoit A4,
U nnockocTeio BOC .
Omsem: TZ
24



21. B npaemnbHo# TpeyronsHoit nupamuae SABC ¢ ocHosanuem ABC
CTOPOHa OCHOBAHHA PaBHA 2V3, a 6okoBoe pebpo 4\2. Ha pebpe
SC pasTa To4ka TaK, yro SM = MC. Haiiqute yron mexay npamoii
BM u nnockocthio ABC.
Omeem: 45°.

2.3. Yron mexay ABYMA NNIOCKOCTAMM

Yron mexay AByMS IUIOCKOCTAMH
paBeH BenHYHHE OCTPOro AByrpaH-
Horo yrna, o6pa3oBaHHOIO mepece-
YEHHEM ITHX TUIOCKOCTEH.

Ecnu BenH4YHHa 1BYIPaHHOIO yrna
paBHa 90°, To NAOCKOCTH Ha3biBa-
HOTCA NIepNEeHAHKYNAPHBIMH.
Benu4nHa ABYrpaHHoOro yrna uime-
pAeTcA BENHYMHON ero nuHelHoro
yria,

3anaua 1. B npaBwisHo# YeThipexyronboi npusme ABCDA B,C D,
CO CTOPOHOH OCHOBaHHA, paBHOMH 4, Ha peOpe A4, B3sTa Touka M Tak,
yro AM =2, A M= 5. Ha pebpe BB, B3ara touka K TaK, yro BK = §,
a B K = 2. Haiiaure yron mexxay nnockoctamu D MK u CC\ D,

D,
J:".‘i
fa,
/o
F ]
Ai r -lrl; 0 B
doon ; I
Sooh -.
J o8 b
i K
|
]
o e i )
'.' - »D
ME—= L
- -
=
A B
Puc. 15.
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Pewenue. 1) byneMm uckatb yron mexay miockoctsio D MK w
wiockocTeio ABB , napannenshoit maockoct CC D 1) nposeaem
D PIMK; D A 1(AA B), D P - naknonHas k rniockocts (44 B), 3ua-
unt 4 P — npoexuma. Tak kak MKLD P (no noctpoenuto), 1o 4 PLMK;

2)A P c(ABB)), MK c (ABB))

A PLMK. = £D PA - uckomblii;
D PLIMK.

3) DK nwem n3 npamoyrosbHoro Tpeyroabhika D B K:

DK =42y + 22 =36 = 6;

4) naxoaum cTopoHy TpeyronbHuka D M:

DM ="F+5 =\16+25=41;

5) npoeeaem ML || AB, toraa MK = §5;

6) npumeHHM Teopemy KOCHHYCOB Ana Tpeyronbruka D KM

DM = MK* + D K - 2MK-D K-cosZK, 41 = 61 — 60-cosZK,

= —]- in- = _l. = -s.-. ¥ = 2-\;2_'

cosZK = 3 Hanee sinfZK=1- 9 g.smék 3
7) n3 npavoyronbHoro Tpeyronbhnka D PK naxonum D\ P: sin£K =
DP DP a7

= = - -
DR 6 -3 DF 42, AE . |
8) u3 npamoyronkHoro A4 PD, sin/P = —— = —= = —,
DP 23
£P = 45°. = a2 2
Omeem: 45°.

PaccyoTpuM peilenye 3a0au ¢ HCMONB30BAHHEM YPaBHEHHA M10-
CKOCTH.

TF CocTaBHm ypaBHEHHE MNIOCKOCTH.
Ecnu sekrop #i(a. b, ¢) nepnenaunky-

/L""va NApeH [U1I0CKOCTH, npoxoasued ue-

pe3 Touky A(x,. ¥,. 2,). a Mix. y, 2) =

TEKYLLHE KOOPAHHATHI IToM
naockocTH, T0 i'AM = 0. a nosromy
a(x-x,) + by —y ) + c(z—z,) = 0. [locne packppiTua ckoGoK 1 npusee-
HHA NOAOOHBIX NOMyYuHM ax + by + cz+d =0, rae d = (ax, + by, + cz).
Ecnu ypasHeHWe ogHoM M3 mnockocTed ax + by + ¢z +d =0,

a ypasHeHHe Apyro# nnockoctH ax + b,y + ¢z +d, = 0, To kocuHyc yrma
MEMIY HHMH PaBEH MOIY/IKO KOCHHYCA YI11a MEXIY NEPNEeHAHKYAPHbI-

26
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MH K HHM BEKTOpaMH, MOCKONLKY 34 BETHYHHY YyITia MEXOY HHOCKOCTI-

|
MH IpHHHMAETCH BEIHWYHHA OCTPOro yIia, To ecTh Cosa = ||}1 r || roe
I

n {a ¢} nz{a:, b, c,} (puc. 14).

LI I’
3agawa 2. JlaHa npaBHabHAR YeTHIPEXyrolibHas TpH3Ma
ABCDA B,C D,, cTopoHa ocHOBaHMA KoTopoii pasHa 2. Ha peGpe A4
B3ATa To4ka M Tak, uto AM =2, MA, =3, a Ha peGpe DD, — Takas Tou-
ka N, yro DN = 3, ND, = 2. Haligure yron Mesaay niaockocteto MNB w
TUTOCKOCTBIO OCHOBAHHA TTPH3MBL.

DI A C|

‘N

4
A, . B

' 1

‘D
M Wi e C_';
* A B

Puc. 17

Pewenue: BribepeM cucTeMy KOOPIHHAT, KaK TOKA3aHO HA PHCYH-
ke [7. D — nayano xoopauHar. OueBHOHO, YTO YpaBHEHHWE MIOCKOCTH
(ABC): z = 0. [lanee HaxoauM koopaHHaTsl Tovek M, N u B: M{(2;0;2);
N(0;0;3); B(2;2;0). INoacrasnss koopawHaTel Todek M, N v B » ypasHe-
HHe I10CKOCTH ax + by + ¢z + d = 0, nonyuHM cHcTeMy ypaBHeHHH

2a+2cz+d=0,
{2a+zb+d=ﬂ,
3c+d=0,
d __d. d
oTkynac=-z, a=-7,b= ~3» ¥ YPaBHEHNE IIOCKOCTH NIPUMET BHA:
a4y dord=0,x+2+2:-6=0.

Bekrop n (I ;2:2) nepneHAWKYNApeH 3TO# MIOCKOCTH, BEKTOP
2('!?l 0:1) nepnenankyaspen mwiockoct z = 0.

ITo dopmyne cosa = |ﬁi HaXOUM cosa = 3 tga = E o=
n||n 3 2

]
= arctg 5



Puc. 18.

Teneps pewnm 31y ke 3agaqy Ge3 npuMeHeHHs YPaBHEHMA TUI0-
CKOCTH.

[Mpsmeie MN u AD nexar B 0aHOH TUIOCKOCTH M MEpecekaloTcs B
Touke P, KoTopas MpHHAATEXHT W TIOCKOCTH ocHoBaHWA. Tak uto PB —
TTHHHA TIepeceYeHHs JaHHBIX MUIOCKOCTEH.

ITpoeenem MF1PB, MF c (NMB). MA L(ABC), MF — naknonHas k
rrockocTu (ABC) u AF — ee npoekuus.

ITo Teopeme o Tpex nepnexamkynspax AF1PB, ~MFA — wucko-
Mblif. MM#«&PNDnMA i 2, M orkyaa PA = 4. [lanee
JIBEK]BI HAXO0AWM Iollaak TpeyronbHHka PAB. Tlo Teopeme [Tudaro-

pa PB=2V5.5, =l-2-4=l-AF-2'~f§, AF=%H tga = ¥=\f2—5_ a

5 2 2

= arctgfz-—

Omsem: arct gj-.-’s—.

3apaua 3. Jlana npasuneHas 9eTeipexyroneHas nupamuna SABCD,
CTOPOHA OCHOBAHWA KOTOPOH pasHa 2, a eeicota 3. Touku Mu F — cepe-
auHe! pedep SD u SC cooteercreeHHo. Haliaure vroo Mexay nnocko-
cTBiO A BM M N10CKOCTBIO OCHOBAHWS TIHPAMHIBI.

Pewenue, BribepeM npamoyrolibHy10 CHCTEMY KOOPAHHAT, Kak 1mo-
KazaHo Ha pucyHke 19. Hailaem koopaunate Touek A, B, C, §, F:

A(1:=1:0) B(1;1;0); 5(0;0;3); C(~1;1;0); F(-0,5;0,5;1,5).
28



Tloncraenas koopawHatel Todek A, B u F' B ypaBHeHHe MIOCKOCTH
ax + by + cz + d = 0, nonmyuum cucreMy ypaBHeHHii:

a-b+d=0,
at+b+d=0,
-0,5a+0,5b + 1,5¢c+d=0.

Ortxyaa a = —d, b = 0, ¢ = —d. Jlerko BUAETH, YTO YpaBHEHHE TJIO-
ckocTH OyneT: ~dx - dz +d=0,unax +z-1=0. Bekrop 71, {1;0;1} nep-
NEHIHKYIAPEH TOM ILI0CKOCTH, a8 BEKTOp n, ,{0;0:1} nepnenaukynspex
IIOCKOCTH OCHOBAHMA, YPaBHEHHE mmpoii z = 0. CnegosarenbHo, Ko-
CHHYC yria uexc,qy IUIOCKOCTAMM PaBeH:

|y | _ 1-0+ 00+ 11 | _
1[n |7 1| |H1=+ 07+ 121N0F + 07 + 12!

e RE o
A R

paBeH 45°.
PaccMoTpum petnenne 3toil 3aga4un 6e3 HCMONB3OBAHHA YPaBHEHHS
TUIOCKOCTH.
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Pewenve: B nnockocry SOC nposenem FP || SO, u tak kak

SOL(ABC), To FPL(ABC) (puc. 20).

M F

A L K B
Puc. 21.

B tpaneunn ABFM (puc. 21) npoeenem FK1AB, torna PK — npo-

exuvs FK nHa miockoers (ABC), u nockonsky FK1AB, To u PKLAR
(Teopema o Tpex nepneHankynapax). £FKP — uckoMbli.

3ametum, uto FP — cpeanas muans ASOC w FP = %-SO = %

Hs ABPC no reopeme KOCHHYCOB Haxonum BP=:

BP* = PC®+ BC* — 2-PC*BC-cos45°;

BP‘—-2—+4 V \!— "r; ; 2—-;-

H3 AF BP mo Teopeme [Mudaropa naxoaum FB: FB = NFP* + BP?;
BP= 1‘?:5 = ‘2;9 ,

ML waxoamum Hls Mﬁiﬂ;, 3;Memn, yto AL =KB =TI= %(pm:. 2.

FK=ML= "\ - = \f_ B

W3 AFKP (puc. 20) umeem sinZFKP = %3'"3% - ﬁ; KD =

= an;:sinE = 45°,

22

30

2
Omeent: 45°,

3agauu 118 CAMOCTOATEALHOIO PelleHHs.

B npaeuabHol ueTeipexyronbHoi nupamuae SABCD touka M- ce-
pennHa pebpa SA4, Touka K — cepeanna pebpa SC. Haitaure yron
Meaxay nuockocTaMH BMK uw ABC, eciu AB =4, 5C =3,

Omeent; arccos—s—.
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23.

24.

o -

26.

27.

28.

29.

B npasuneHol yethipexyronsHoi npusme ABCDA B C D, sce pe-
Gpa pasubl 4. Ha peGpe 44, B3aTa Touka M Tax, uro AM = 1. Ha
pebpe BB, p3sta Touka K Tak, uyro B K = 1. Haiizute yron mexay
wiockocTeio D MK n miockoctsio CC.D .

Omsem. arcco&a—.

V29
B npasunbHOH ueTeipexyronsnoi nupamuae SABCD ¢ peplunHOi
§ Bce pebpa paenel. Touxa M ~ cepeanna pebpa SC. Haiiamre yron
MeRKAY M10CKOCTbIO ADM U NI0CKOCTBIO OCHOBRAHUS NMUMPAMH/IBL.

Omesem.: amcosi.

(1
B npasmasbHOH weTblpexyronsHoH nHpamuae MAOCKHH yrosi npu
BEPLUHHE paBeH yriay mexay GoxkosbiM peGpom nMpamMiUasi M no-
CKOCThIO OCHOBaHHA. HaliiuTe NBYrpaHHbie yIibl MEXIY COCEAHH-
MH GOKOBBIMH FPAHAMH 3TOH NHPaMMLL.

Omeem: arccos(2 — 5 ).

B npamoyronsiom napannenenunene ABCDA B C D, wisecTHo:

AB = AD = 1, AA, = 2. Haiiaute yron mexay naockoctaMu AB D,
nAdCD.
1

Omesem. arccosa.

B npasunsHO#A TpeyronbHoi nupamuae SABC ¢ ochosanmem ABC
Touka M — cepenrHa pebpa 54, Touka K — cepenuna pebpa SB. Haii-
mute yroa mexay ruiockoctamu CMK n ABC, ecnn SC = 6, AB = 4,

V23

Omeem: arclg—-‘-é-—.

OcHoganKe npaMoi yeThipexyroasHol npusmbl ABCDA B .C D, -

npamoyronbHHK ABCD, B kotopom AB = 12, AD = V31, Haiigure
KOCHHYC YI/1a MEXKAY IUTOCKOCTRI) OCHOBAHHA MPH3MbI H ILTOCKO-
CTBIO, NEPNEHANKYIAPHOR npaMoii BD,, ecau paccTosHHe MemKLy
npambiMi AC u B D, pasho 5.

]
Omesem. arctg—.
7
B npasunsroi TpeyronsHoii npusme ABCA B, C, masectHo, yro AB=2,

A B =5 . Haiipure yron mexay niockoctamu (4, BC ) n (4BC).
Orser: 30°,
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2.4. Yron mexay CKpelwmMsaolMMICA NPAMbIMMH

[lycTs name) nBe CKpelHBAIOLIHEC TIPAMBIE a

¢ “ H b (puc. 22). B3sB NpOH3BOLHYIO TOYKY Ha
OHOH W3 HMX, NPOBE/IEM HEPE3 HEe NPAMYID,
. b napaanenbHylo Apyroid npamoii. B pamem
cayuae c || b, Toraa (a™b) = (a"c).
Puc. 22.

3apaua 1. B npasuisHom TeTpadape SABC Touku M u N — cepe-
Aunbl peGep AB n SC coorsercteenno. Hafiaute yron mexay npambi-
MH AS n MN.

Puc. 23.

Pewenue. lpuvem pebpo TeTpasipa pasHbiv | v B naockoet SAC
nposenem NP || AS, Toraa yron mexay npamuivu AS n MN pasen yry
mexay npambiMu MN u NP.

B ANMP MP=NP=%.

Hainem namny MN.
B naockoct SMC nposoaum NF || SO, u nockonsky SOL(ABC),
10 1 NFL(ABC).

Tak kak SN=NCu NF|| SO, 10 FC=0F=z0C= MF=

e

= 1
2\!37" V3
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Ha ASOC maxoanm SO: SO = \Jl -31 - E NF - cpeansia mums
ASOC: NF = l\lz Ha npamoyronsHoro Tpeyronsuika MNF no teopeme

[Mudaropa vaxonum MN: MN = \{ +——\11 \j;=#

ITpuMeHHUM TeopeMy KOCHHYCOB B TpeyronbsHuke MNP:
MP? = MN? + NP? - 2MN-NP-cos ZMNP,
S e o

_ bk 1__1
33 + \l'_ 5 =cosZ MNP, = 3 *J' cosZ MNP,
V2 .
cosZ MNP = =5 ZMNP = 45°,
Omeem: 4S°

3anaua 2. B xy6e ABCDA B,C D, Mwu N - cepeantint pebep A D,
u BB,. Haiianre yron mexay npamod MN u auaronansio BD,.
Pewenue. 1-ui cnocob.

D, C'I
ML PONF
o n‘ I l. |‘
AfF— B,
; L
v ! £y 1
L4y
i i B gl | o
L %
# " N
" s
s “‘:
A B
Puc. 24.

Bce ky6s1 nonoGHsi, nostomy npumem pebpo kyba 3a 1. B miocko-
ctv BDD,, kotopoit npuHaanexut Touxka N, nposoaum NF || BD,, Torna
yron Mexc;(y npameiMi MN v BD, paseH yrmy Mexay npamsiMu MN u
NF, 10 ecth Hafo HaitTn ZMNF, mmphm CO/IEPKHTCA B TPEYTO/IEHHKE

MNF. 3ameTnm, uto MF — cpeanas nnuna A4 D B, u MF=l.

2
H3 npamoyronsHoro TpeyroasHuka NB F naxonum NF:
i -" lpp2
NF= 3+2 - Fi= 2D|B| 2}+

13



Janee nposogum NL || AB, nony4yaem npaMoyronbHbli TPEyros-
Huk MLN.

ABL(ADD)
( I ] = LNL(ADD).

H3 npmoymuuoro Tpeyronbiuka A LM naxoaum LM:
45

LM= \{ t= 1‘2 )

H3 ﬂpumoyro 1bHOro TpeyronbHuka MLN naxoanm MN:

MN =1+ 3=3 MN = J_

K AMFN npumenuu TeopeMy KOCHHYCOB:
MF? = MN* + NF* — 2MN-NF-cos ZMNF,

1.3 .3 \F B -y .
=3t g- q 0sLMNF. 2 == cos MNF.
cosmr-z‘r JMNF = arccos232..

3
2~J_

Omeem: arccos—

Peuienue. 2-it cnocob.,

M 1
%l
4
.‘ir : E=
]
1
i ‘-1 N
R R S
D C ¥V
-
e
.
A B
x
Puc. 25.

Beenem npamoyro/ibHylo CHCTeMY KOOPAMHAT TaK, Kak MoOKasaHo
Ha pucyHke 25. Haxoaum koopausartst Todek B, D, M, N: B(1; 1; 0),
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D,(0; 0; 1), M(z; 0 1), (I3 1; +)  Koopmwnarst sexropon BD, 1 MN:

e — ] 1
-Ii-1; 1) = -z}
BD {-1 1} MN{Z 1 3 -
Hckomeiit yron HaxouTes no Gopmyiie cosg = '__—'_3_—{
|n||-|n2|
|_l_ -
Hmeem cosZMNF = 2 2 = zf.

Ea

CparHenne aByXx crnoco6oB pellieHHH MOKa3LIBAeT, YTO NpUMeHe-

HHE KOOPOHHATHONO METOAa Mpoile.

30.

3l

32.

33.

34.

3anaun 18 CAMOCTOSTEALHOIO PelleHHs.

B kybe ABCDA B ,C D, M — cepenvna pebpa A4, N — takas Tou-
ka pebpa CC,, yro C N : NC = ] : 2. Hahnute yron Mexay npsiMon
MN v mnaronansio D B.

Omeem: an:cos-—]—.

219
B npasuabHoM TeTpasipe SABC M — cepemyna peGpa AB. Haliau-
Te Yroa Mexay nll:ulMHMH SM u BC.
23
Hnuna pebpa npasuneHoro Terpasapa ABCD pasna |. Haiinure
yron mexay npameivu DM u CL, rhe M - cepemuna pebpa BC, L —
cepenuna peGpa AB.
1

Omeem: arocosg.

B npaeuasHO# yeTsipexyronsHoit npusve ABCDA B C D, cTopo-

Ha OCHOBaHHA KOTOpOH paBHa 5, a Gokoroe pebpo lﬁ, HaHaWTE yron
Mexy npameivu AC u BC,.

3
13\2°
B kybe ABCDA B C D touku E w F — cepenunut pebep 4 B, u
BC, g?pmse'mneuﬂo. i‘laﬁ,z[u're KOCHHYC YI7Ia MexTy TNpIMbIMH
AE u BF.

Omeem: 0.8.

Omeem: arcco

Omeem: arcc
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35. B npasuiabHoM Tetpasape SABC ¢ sepuivHoi S Touka M — cepe-
auHa pebpa AS, SO — puicota nupaMuabl. Haiiaute yron mexiy
npAMbIMH MB u SO.

—

Omeem. arccos %

2.5. PaccroaHue
MeXAay CKpewmMBarlWMMUCa NPpAMbIMKM

Puc. 26. Puc. 27.

Jins nBYX CKpeuiMBAIOLUMXCS MPAMBIX / U N CYUWIECTBYET eIMHCT-
BeHHbIR 0Tpe3ok AC (4 € /, C € n), nepneHaHKy18pHbIH ITHM NPAMBIM,
a ero JUIHHA eCTh PACCTOAHWE MEXKIY HUMH, T.e. d(/,n) = AC, AC LI, AC Ln.
Hruna 3mozo nepnexouxyrapa — Kpamuauuiee paccmosnue Mexcoy npa-
MbIMU, NpUYeM 5mom nepneHouKyiap eouHcmeenuniii (puc. 26).

Umobw nalimu paccmosuue Mexcoy CKpetjusaujiMuc npamoi-
MU, MOXCHO Hepe3 OOHY U3 HUX RPOGecmiu NAOCKOCHb, NAPANIETbHYIO
Opy20ii RPAMOL, U UCKamMb PACCmOoANUe om T0GoT MOYKY IMoli RPAMOT
do naockocmu. (n € B, 1| B, pLl, pLp) = p — uckomoe paccmoanue
(puc. 27).

3amaua 1. PeGpo npaeuasHoro Tetpasapa SABC c¢ BepuuuHoil S
pasHo 1. Halinute paccroanue mexay npambivu AS u BC.

Pewenue. lposoaum SMLBC n AM1 BC, Torna BC L(ASM). B nno-
cxkocTH ASM npoeonum MTLAS.

Tak kak BCL(ASM) u TM < (ASM), To BCLMT. MT — uckomoe
paccrofHue.

Haxonuwm aeaskael nnowanes AASM. AQ = %

36



Puc. 28.

1B _2 o _1 P
.S.‘MW-2 33 " 4,Sm-2ASTM 2|TM e
TM=i;2-.

Omsem. %

3anaua 2. Jlan xy6 ABCDA B C D, c pebpom, pasHem 1. Haiimure

BI A,

' e

1 ;
C ——
! M D,

".\

| I

P K

|

) L L-J A
C D

paccrostire Mexay npsmeivia CK n A D, rae K — cepennna pebpa DD,

37



Pewenue. Tlycte M — cepenuna pedpa BB, (puc. 29), Torna
MA, || CK, nnockocts (4, DM) || CK, 3nauut pacctosnue mexay CK u
A,D pasnio pacctosnuio ot K o niaockoetu 4 DM.

_1
IlycTs o710 paccTosHue pagHo x, Torma V, .= =3 g4|.tru'*"=3_s-4|m:'| =

e i
=2 oM x=g%s

AyMiy
Tenepb uwem nmnowaas A4 MD, ans 37010 Haiaem ero CTOPOHbI:

AD=\2:4M= \{_ : H3 NPAMOYTONBHOrO Tpeyronkiuka MBD: MD =
" - =2
F R
Hanee Haxoawm cosZMA D, npuMeHHB TEOPEMY KOCHHYCOB:
DM?*=A M* + A D* - 24 M4, D-cosZMA D
9_5 5

.
a 4+2 2+~—«chsz cosémD—m,
sinZMA D=1 - cos’2MA,D = T
- =145 =3 .3 -
S, = absmqy s = 373 \.Em 43Ha'-m'rx—4i—3.
4
Omeem: -_'lT

3anaua 3. B npasunsHom Terpasape SABC ¢ sepumHoil § M —
cepeanHa pebpa SC. Haltnure paccrosHie Mexay npambiMu AS u BM,
ecau pedpo TeTpasipa pasHo 1.

B

M
Puc. 31.
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Pewienue. B nnockoct SAC npoeenem npamywo MT || AS, Toraa
AS || (BTM), npuuem BM < (BTM). bynem uckaTs pacCTOAHHE OT fpo-
H3BOJIBHOH TO4KHM MpAMoi AS 1o nnockocth BTM. YnobHee B3ATE TOY-

Ky N Kak BepumuHy nupamunsl BMTN. YV wee BM = BT = BN = %;

NI =MT =NM= %— (puc. 30). Ilupamuna BMTN npaeuasHas (puc. 31).

H3 tpeyroneuuka BOT no teopeme lNudaropa naxoaum BO:
3 1_[8_2 V6

=42 _21 =4 =30
BO=YT 12" V2 76 3 g
cp=L1133 N6 N2

O6wbem nupamuast BMTN pagren: V_322 73 " g

Mycte NFL(BTM), toraa o6bem nupamunasl BMTN ¢ nnockocTsio

ocHopanua BMT papen: V= %-Sm NF. Haxonum miiomans TpeyroisHu-
ka BMT. [lposoaum BHIMT, HT = % H3 ABMT umeem:

T T [ VPR 15 U5 TV VU I/ TP /)
B ~Te~ 4 » o™ 4 167 -3 18 =g
22 _2V22
NF =412 - &Yl
V11 11
Omeem: @

3ana4n 418 CAMOCTOS TEILHOIO PeMenHs.
36. B npaBwibHO#H ueTsipexyronbHoit nupamuae SABCD, pce pebpa
KoTopoi#i pasHbl 1, HaliiuTe paccTosH{e MexXy npaMbiMH SA u BC.

Omeem: \i% :

37. B nmpaBHabHOH TpeyronbHO#H npusme ABCA B C |, Bce pebpa KoTo-

1 3
poii paBHEI 1, HaiigMTe paccTOSHHE MEXIY npfm;mu ABuAC.
-

Omeem: ‘\‘i::;- .
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2.6. PaccrosHMe OT TOUKM 10 NNOCKOCTH

Ecnu Touxa He MpHHAANEXMT MUIOCKOCTH, TO PacCTOSHHE OT 3TOH
TOYKH [0 IU1I0CKOCTH PaBHO [VIHHE NepneHaHKyipa, onyLUeHHOro M3
ITOH TOMKH Ha MTIOCKOCTh.

Ilpy pelueHHH HEKOTOPBIX 33134 ynoOGHO NoAbL3OBATLCA (POPMYNON

obbema nupamuael V = —;-*SW-H, oTkyna H = ‘—5.3-’—{ Jnauna H BeicoTsl B

€CTb PacCTOAHHE OT BEPLIMHbLI MHPaMHIbI A0 MAOCKOCTH OCHOBaHHA.
Ecnu nupamuaa TpeyrosibHas, TO 3a OCHOBaHHE NHPaM Kbl MOXHO [TpH-
HATH NK0OYI0 ee rpaHk.
B HekoTOpHIX cily4asx NoCTPOeHME NepreHAMKYISpa U3 TOUKH Ha
IUIOCKOCTb NPOBOJMTCA TaK:
—  4Yepe3s TOYKY MPOBOAHM IVIOCKOCTh, NEPNEHAHKYTAPHYIO 1aH-
HOM NJIOCKOCTH;
— M3 IaHHOH TOYKHM OMYCTHM MEPNeHIHKY.1Ap Ha THHHIO nepe-
CeYEHHA ILIOCKOCTEHH;
—  UIHHA 3TOrO MepneHAHKYNAPa H €CTb PACCTOAHME OT TOYKH 10
TIOCKOCTH.

3apaua 1. [Inuna pebpa xyba ABCDA B C D, pasua |. Haiinure
paccToaHHe oT ToukH B a0 ruiockoet AD C.

kS
5

[ SR
.

LY
#

=
¥,
|

I

r

I

1

1
o

LS
A
w

i

"
.
-

’

Puc. 32,



Pewenue. Paccmorpum nupamuny ABCD,, BbicoTa DD, koropoi
najgaet Ha miockocte ABC, Ho He na AABC. Hycn, BFL(AD, C) Jpac-
Abl HaxonuM o6sem nupamuast ABCD :

1 ] (2y+3 5
V=3Sn"DD, =35, :BF, 2 5111 =———8F, 1=\3-BF,
1
BF =—.
V3
]
Omeem: —=
=

3apaua 2. Jlana npaBuneHas YeThipeXyronbHas nupamuaa SABCD
¢ BepunHoii §. CTopoHa OCHOBaHMA NUpaMKabl pasHa 8, a BhicoTa 3.
Yepes cropony ocHopaHua AB u cepenuHy pebpa SC nposenena mnio-
ckocTs. HalinMre paccTosHMe oT BepllHHBI NMHpaMMasl A0 3TOH Mio-
CKOCTH.

A T M K B
Puc. 33, Puc. 34,

Pewenue. AEFB — nnockocts cewenns. Ilposenem 4yepes BoicoTy
SO nnockocte MSP (puc. 33), nepnenankynspHyio pebpy AB. Ilycts
MN — nHHMA NepecedeHHs 3TOH IUIOCKOCTH C IUIOCKOCTBIO CEYEHHS.
Ouesuano, yto MN — Beicota Tpaneuns ABFE, nockonbKy oHa coenm-
HAET cepeanHsl ocHoBaHuii. Tak kak nnockocTe ABFE conepxuT nps-
My ABL(MSN), To (MSN)L(ABF), a no3TtoMy NEpneHIHKYAAp, OIy-
LieHHbIA W3 BeplIHHBL S Ha mockocTs ABFE, nexwut B ockocth MSN
H NepneHaHKynapex otpesky MN, Ho Torga eeicoTa nupamuabl SABFE
COBIIAZAeT ¢ BICOTOM TpeyronbHuka MNS,

Haiinem 31y Bbicoty, SM=SP = VSOP + OM? =9 + 16 = 5, Torna
SN =2,5.

[Mpumennm x ASMN Teopemy xocuuycos: MN? = MS? + SN? -
— 2MS'NS-cosZMSN (*). [ina panpHeilnero pelmieHHA 3a0atH Hadgem
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MN - Bbicoty Tpaneunn ABFE. OC = 4\2. M3 ASOC naiinem SC:
SC=\gF T =aT: Fe=Y4L,

2
Hanee uz ASQC naxoaum cosZSCQ: cosZSCQ = % = -N-;_T

Mz Tpeyroasuuka BFC, no Teopeme kocHHycor, Haxoaum BF:

41 F 4 41_169 oo [169_13
Beicory MN = FK niem u3 ﬂ.FKB no reopeme [ndaropa (puc. 34).
- _J1e9 = *4'153
Bosepawaemces k dopmyne (*), nonyqaem:
13225+ 2 253 cossMSN, 7=-25cosZMSN,

I =1f 49 _24
cosZMS. =-55 sinZ MSN I-E 55

Swn =7 L SM-SN-sinZMSN = 5 SL-MN;

55 24
225 24 24 8
V153 “V153 917 1T

Omeem: -.§—_
V17

3anawa 3. B ocHosanuu npsmoii Tpeyronstoit npusmsl ABCA B C,
NeXHT paBHOOEApeHHBIH NPIMOYroabHLIA TpeyroabHuk ABC ¢ runore-
Hy3oii AB, pasoii 2V10. BbicoTa npu3mel pasHa 2\5 . Halaure paccro-
snue o1 Toukn C| 10 niockoetd BCM, rae M — cepeanna pebpa A C.

Pewenue. [poseaem C PIMC. (BCM)(A B C|) = ML, npryem
ML | BC,ML | B,C

Tax xax npusma npaman u ZBCA = £ZB C A, =90° 1o ML L(ACC)),
a noatomy C PL(BCM). Uckomoe paccmanne pasHo AuHe otpeska C P

1

Haxoanm C M: C M= —fIC' -—‘AB:&E=‘\JS
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Puc. 35.

W3 ACC M no reopeme TTudparopa Haxomum CM:
CMF=CC2+CM*=20+5=25, CM=5.
Meaxael npamenss Gopmyny HaxoxaeHns nuowand us ACC M,

MOTYYHM:
_ ) CMCC, 255 _
S‘J,.FIH—E-C'MLQ =~2—-C‘M-C,P; Cr= i 5 =2,
Omeem; 2.

38.

39.

40,

3aaaun 198 CAMOCTOSTEILHOTO PelllenHs.

B npasunsHo# TpeyromsHol npusme ABCA B C, sce peGpa pae-
ol 1. Yepes peGpo A, C, u cepennny pebpa BB, nposejieHo cedeHue.
HaiiauTe paccrostiue ot cepeautnl pebpa BC no 3Toro cevenus.

Omeaem: g

Bce peGpa npasunabHO#H yeTbipexyronsHoit nupamunasl SABCD pag-
Hbl 1. HaiwTe paccTosHHe OT LEHTpa OCHOBAHHA NMUpPaMKbl 10
nnockoeTd SCD,

.
Omeem; %
B npamoyroasHom napannenenuneae ABCDA B,C D, cropoub
ocHoBanHA paBHBl | u V3, eicoTa napaiielenunena pasHa V3.
Hafigure paccroanme ot Touku C 10 maockoctv AB D,
Orset: 0,4V15.
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4].

42,

43.

44,

45,

46.

44

B npasunkHo#H uetbipexyronbHoi npusme ABCDA B C D, cropona
ocHoBaHWA paBHa |, a GokoBoe pebpo 2, M — cepennHa pebpa 44,
Ha¥igure paccroanve ot Toukn M a0 nnockocti 4 DC .

1
Omeaem: 3

B npaBunbHO# yeTsipexyronbHoi nupamuae SABCD ¢ ocHoBaHu-
eM ABCD sricota paBHa 2, a cTtopona ocHoeanus 3. Haiiaure pac-
CTOAHWE OT ToukH A 10 nockocTH SCD.

Omgem: 2.A4.

SABCD — npaBunibHas YeTbIpEXyro/ibHas MUPaMM1ia ¢ BepuidHoi S.
SA=\5,4D=2, M- cepeanna SC. Haliaure paccrosHHe oT To4-
k1 B 10 mockoctn ADM.

Omeem: 1.

B npasunsHoli TpeyronsHoii nupamuae SABC AB = V3,54 =2,
O — ocHoBaHWe BbicOTH Mupamubl, SOL(ABC). Haiinure paccros-

HuHe oT ToukH O 1o nnockocTH SAB.

Omeem: .

V39
Han ky6 ABCDA B C D, pebpo kotoporo pasxo |. Haiizure pac-
CTOsHHE OT To4kH B 1o naockocTn AB (.
Omeaem: —|_-—

V3
B nipamoii npuame ABCA B,.C, AB=5,4C =4, BC=3. M- cepe-
Aauna pebpa CC,. Haliaute paccTosHue ot ToukH C 10 WIOCKOCTH
AMC, ecnu BBICOTa NPU3IMBI paBHA 2.

Omaem: ]—2
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3apaHus yposHa C3.
MNOKA3ATE/NbHbLIE U TOTAPUOMUYECKME
YPABHEHMA W HEPABEHCTBA

MOKA3ATE/IbHbIE YPABHEHWUA U HEPABEHCTBA
3.1. YpaBHenun Bufla 8™ = 1

VYparnenwe suaa a™ = | npu a = | nmeer GeckoHeuHOE MHOMKECTBO
KopHe#, Tak kak 19 = ] u x — moGoe u3 obnactu onpeaenerna PyHKLHH.
OuernaHo, 4To a # 0 npu octanbHbIX ¢ ™ = a® u fix) = 0.

Mpumep. Pewwre ypasuenne 2737 = 1.
Pewenue: Tak kak 273 = 6, To HcXofHOE YpaBHeHHe paBHO-

CHIIbHO ypaBHenuio x> =0 u x = 0.
Omeaem: 0.

3apause /18 CAMOCTOSTEILHOTO PelleHH .,
2
I

1. Peumre ypaBHeHHe (%)I(%) = 1.
Omeem: 0; -0,5.

3.2, YpasHenun enaa (g(x))™ =1

Ecam g(x) = 1, To KOPHHM 5TOTO ypaBHEHWS ABIAIOTCA KOPHAMM
JAaHHOTO YpaBHCHHHA, €c/id BXOOAT B 00MacTh onpeneneHHA QyHKLUHH
Ax). Ecam g(x) # 1, To x) = 0, npu 3TOM HEOGXOAHMO MOMHHTB, YTO
TIpH HalIeHHBIX 3Ha4YeHWA x BbipaxeHHe (g(x)) ' xomkHo BT onpe-
JIeNieHo.

TIpamep. Pewute ypasHenue |x — 2 -8 = |
Pewenue: KopHu NaHHOrO ypaBHEHHS HaXOAATCH CPedM KOPHEH
ypaBHeHus |x — 2| = |, oTkyaa x = 3 u x = |. Jlanee peinaem ypasHe-
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HHE x’z— 6x + 8 = 0, xopuu xotoporo 2 u 4. Ho npu x = 2 BbipaxeHHe
|x — 2| - " ® He onpeaeneHo: MMeeM HeonpeaeneHHoCTh BHaa 0°,
Omeaem. 4.

3ajpaume 19 CAMOCTOSATEALHOIO PelIeHHs.
2. Pewwure ypasuenne |x° — 47 6=,
Omeem: +\3;+\5: 3.

3.3. YpaBHeHun Buga a"™» = b

Jlna peweHus NaHHOTO ypaBHEHWA pazgeium obe 4acTH ero Ha

a fixy o 0
b £0(@>0.b>0,a#0,b+#0), noryunm (3) - [E] . oTiyaa f(x) = 0.

Hpumep. Pewure ypasnenne 67 ' =3 1.00 |
Pewenue: 66 = 373272, 36" = 272", 36" = 54",

1230
Omeaem: (.

3apanHn A8 CAMOCTOSTE/IBHOIO PeLIeHAS,
Pewure ypaBHeHHA.
3., PTi=3Eripgeeld
Omeem: 1.
4, 9" -126'+4"1=0.
Vkazanue: npeoGpazosare NeByi0 4acThb YpaBHeHHS K BHIY
(3-3*-2%2y=0.
Omeaem: —1.

3.4. YpasrHenun Buga a'*) = g9

3aeck nmepas W MpaBas YAcTH YPaBHEHHA COAEPIKaT OAHO H TO ke
ocHoBanHe. B cu.ty MoHOTOHHOCTH yHKUMU y = o (> 0, a # |) 3akmoqa-
€M, 4TO PEeLleHHEM 3TOro ypaBHeHHs ByayT kopHH vpasuenus flx) = g(x).

Tipumep 1. Pewure ypasHenue |x — 2~ ' = [x — 2.
Pewenue. Mveem oyesuanulit kopeHs x = 2. Tlycts [x — 2| = 1, Tor-
sax=3ux=1,
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Hanee nonyyaem ypasHexue 3x° — | = 2x, 3x°—2x— 1 =0, ero kop-
HH 1 1 —%‘

Omeem: I;—%: 3; 2,

Ipumep 2. Pemnre ypasuense V8 ' = "V16" 2.

Pewenue: OGnacts onpege/ieHHa YPaBHEHHA ONpeaenseTca Hepa-
BeHCTBOM x 2 2 W X € N. Tak kak Va” = a¥, 10 3%= lﬁﬁ, YTO pags-

3x:3) i3 I 4+3  de+ [2
HOCHJIBHO YpaBHeHuio 2 x1 = 2 x4l =
x—1 x+1

, OTKYna x =3 u
x = -5, rae —5 — NOCTOPOHHHH KOpeHb.,
Omeem: 3.

Jaganuna 418 CAMOCTONTE/ILHOTO PelleHH .,
PeluxTe ypasHeHHA.

* D.SI—I- ]4. ¥

..

Omeaem. ~33
Omesem: 3.

7. 2°tlge-8=grt]
Omesem: 6 +19.

3.5. YpasHeHuA Buaa
a,m™*< + a m™*<: 4.+ am>*ts = F

B ypaBHenuax moao6Horo BHAA B MOKa3aTese CTENEeHH CTOHT OQHH
1 ToT Ke KoadPuument. [lna peweHns ypaBHeHHH TAKOro BMOA MOXK-
HO BOCMOAB3IOBATECA BbIHECEHHEM 34 ﬂmﬁ!ﬂi m’“’, HO JY4lUc BbIHC-
CTH 3a CKOOKH MHOKHTENs m™ ‘4, rae C, — HaumeHbluee U3 yncen C,
i=1, 2, 3,., n Torga B ckobkax OCTAHETCH MOCTOAHHOE YMCIO, KO-
Topoe obo3Haunm uepes A. [lanee nomyuuM ypaBHeHue m™*i.4 = F

Ecnu AES 0, T0 nanHoe vpaBHeHWe KopHeH He mmeeT. Ecau F = A4, 1o

rrx+Cl=D,nemu§>0,m%=m"‘"l

47



[pumep. Pewunte ypasnenne 3% "' — 2.3 3% -1 =6,
Pewenue: BoiHeceM 3a ckoDKM MHOKHTEb 3V ', nonyuum

3“ l[g\: ll §_;73:I: == 1) = 69 3’“:_ ]'2 = 61 3{; 1= 3' x= 4‘
Omesem: 4.

3ananus 4% CAMOCTONTENILHOIO pelienns.
Pewnte YPABHEHHA.

8 27— 2' 1=24.
Omeem. 1.

9 3- 3&"‘3 =T78.
Omsgem: 4.

10, 4%-% - 2%-2 4 16-6 - 256%%* -3 = 1008.
Omeem: 7.

11. 9;_-2;—0_5___42:-3.5_,32:4*
Omeem: 1.5.

12. F+6" 1+ 2=Jr_rrl g rtl
Omeem. (.

3.6. YpaBHeHus Buga ma*\*) + na™+ P=0

370 ypaBHeHue noacTaHoBkoi y = ¢, rae v > 0, ceoanTca K 00bik-
HOBEHHOMY KBaJpaTHOMY ypaeHenuio my” + ny + P = (. Haian ero kop-
HHU ¥, ¥, H BbIOpaB T€ W3 HUX, KOTOpble 6onblUe HYA, PELIAOT ypaBHe-
HuA Y =a""ny, =a™ Ecnuxe y, <0uy, <0. 10 ypasHeHHe KopHe#
HE MMEeT.

Ipumep. Peiunte ypasuenne 9! - 531 = —;—

Pewenue: Mcnonb3ys cpoHCTBa CTENEeHM, NpPeACcTaBHM HCXOAHOE

ypasHeHue B Buae 329 — %-3‘ - % =0.

Tlonaras nanee 3* = 1, { > 0, npUXOANUM K KBaAPaTHOMY YPaBHEHHIO

5, 4. s
Qﬁ—ir—g—ﬁ,mx};ﬂafl 3urz<0.

3Hauwur, 3° ‘—‘%H x=-1.

Omsem: -1.
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16.

17.

18.

3ananss /18 CAMOCTONTEALHOID PeMEHA,
Pewnte ypaBHeHus.

3x-142.37+1 =81,

Omeem. 2.

§ 1+ 5%+2=126.

Vikazanue: 52 = % u panee 5*=y,y> 0.
Omesem: —1; 2.

. 2o’y 4 g’ = 9\

Omeem: % + %ﬂ, ne’Z.

87 + 205 _3.2u-1" =
Viasanue: cokpatuTh obe 4acTH ypaBHeHna Ha 27 - # 0,

Omeem: :]—i—‘fg

P
S +3__ 45!
§r_3r  2.5¢_3x+ 1’

Vikazanue: PaznenwTs 4MCcIHTEIL H 3HaAMeHaTenb B obenx wacTax
ypaBHeHHd Ha 5° M Aanee NPUMEHHTH NOJACTAHOBKY (%) =aq,a>0.

Omesem: 1.

¥ - 2 4 X 6 =
Viazanue: [Ippmennts noactaHoBky 3° '=1,1> 0,
Omeem: 2.

3.7. YpaBHenun suga ma*®) + na"™).p™ 4 g b¥x) = 0

TO ypaBHeHHe peluaeTca aeieHHem obenx yactei Ha @ # 0 wiu

Ha b £ (. B nepsom cnyuae nonyuaem m + n(%)m . q(-g)wl = 0. Bui-

Ax)
nonHseM NoACTAHOBKY (—‘;} =1, t > 0 u nony4aem oObIKHOBEHHOE KBa-

JpaTHOE YpaBHEeHHe.

Ipumep. Pewnre ypastenne 9% + 405 = 10-6*- %5,
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Pewenue: Tlepenuwem ypasHenue B puae 9-9' ~ 05 + 4¢-05 =
= 106" °* u pazaennm obe yactu ero va 4° %% > 0. nonyumum

o e nfy

=03
TMonoxum (-2—) = a, a > 0 n nony4yaem 0ObIKHOBEHHOE KBaapaT-

Hoe ypaBHeHHe 9¢° — 10a + 1 = 0, xopHu KoTOpOro a, = —;- na,= 1. Bos-

¥-0% 3 ¥ -05
BparuMcsa K HPE}KHEE l'lepeMEHHUH (_) = = HJIH {E] = 1. Pewe-

2 9
HHeM BTOporo ypaeHeHus Gynet 0,5, a neppoe ypapHEHHe NeperuiueM

x-035
(%) =9 u norapudmupyem obe 4acTH ypaBHEHMA. NOCIE YEro nony-

gum x = 0,5 + log,9.

Omeem: 0.5: 0.5 + log,9.

3apanus 115 CAMOCTOSATEILHOTO PemeHns.
Pewure ypaBHeHus.
19. 4+9 =26
Omeem: 0.
20. 25°*!' +4*-1=20-10"
Omeem: 1.
21, 325 -815+ 59" =0,
Omeem: 0; 1,

22. (B+232) +(V3-2v2 ) =6.

Yxazanue: (\53 - 2?'2_)r = .

(Vi-2v2 )"
Omeem. +2,

23, 3552254 x_5§5=.
Omaem. 3.

24. 3xl-l_5.\'_i_3t-—l_5x-i =5x—2_3x—2_
Omeem: 2.

25, 21 56"+ 3>l =,
Omeem: -1; 0.
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26. 4*9-1 _§ox-1+GT-2 = (),
Omeem: 1,5.

27. 34 -T7-100+2-25*=0.
Omsem: log,2; log, %

28 S.t = 3 i 2r+ p.
21’-—| o S,t 5_.'
Omeem: log,3.

29, 2::*3_3_rz+lt—6=3x=+lr—5_2r_
Omegem: 2;log,2 —4.
30, 26 -4-15_4

¢-9-5 i
Omsem: log, ]36+ I \
3

3.8. PeweHue nNnoKkasarenbHbLIX HEPAaBEHCTB
C NCNONL30BAaHMEM CBOMCTE NoKasaTenbHOW (PyHKLMUM

OTMeTHM HECKONMLKO CROHCTR MOKa3aTenbHONH QYHKUHK y = a',

I. ObnacThio ompeleneHna MokalatelbHOH GyHKUMM sBnseTcH
MHOKECTBO BCEX JSHCTBHTENbHBIX uncen, To ectb D(y) = R.

2. O6nacTsio 3HAYEHH ABISETCA MHOKECTBO NONOKHTENBHBIX YH-
cen, To ecte E(V)=R .

3. Ecnu a > |, To nokasarensHas ¢yHKUHA BO3PAcTaeT, MPH 3TOM
HepaBeHCTBO @ ™ > @' paBHocHIbHO HepaBencTBy flx) > g(x). Ecnn
0 < a <1, 1o nokazarenbHas GyHKUHA yORIBAET H NPH STOM HEPABEHCTBO
a™ > g**' paBHOCH.TbHO HepaseHeTBy flx) < g(x).

i Ay
Ilpamep. PendTe HepareHCTBO [ 3 > iR
Pewenue: Tak kak o 2‘§ TO (i]"'r; > [l] )
: 7 ‘T3 1
DyHKUMA Y = {%) yOBIBaKOLIAN, a No3ToMy X + % v% {rgx (cornac-

HO cBOHCTBY 3).
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IMocne npeobpasoranuii nomyuum 3x?+;~_9_ < 0. Tlyers g(x) =

+ %=
W_}:_‘i; D(g): x # 0. Hynu dyHxumm g: x = I;x=—§.
- + - +
—9/8 0 i x

Omeem: (-ao;—-g-)U{O; 1).

3.9. PeweHnne noKkasaTeNbHbIX HEPaBEHCTB
METOAOM MHTEPBanos

OTrMeTHM, 4YTO HEKOTOpbie NoKa3aTeNbHbIE HepaBeHCTBa YIoOHO
peLaTe METONOM HHTEPBAJIOB.

TIpumep 1. PewuTe HepaBeHcTBO 4* <2°7' + 3.

Pewenue: Mycts fix) =4* —2:2* - 3, 7o D{f) = R v Heobxoaumo pe-

wHThL HepapeHcTeo flx) < 0. Haxoaum vy dyHKUMM.
4 —2:2*-3=0,2"=-] (ner kopHe# ) unu 2' = 3, x = log 3. Jla-

nee npumenseM Metoa uurepeanos: f0) <0, f2)> 0.

- N+

log,3 x
Omeem: (—x; log,3).
3ameyanue: CywecTsyer HHOH NMOAXOA B pelleHHH JaHHOIO Hepa-

BEHCTRA.
Mycts 2* = ¢, rae ¢t > 0. Pewaem HepaBeHcTeo #° — 21 — 3 = 0,

(e +1)e-3)<0.
Jlanee npuMeHAEM METOI HHTEPBAJIOR:

+2g;"?;£+
= | 3 t

Hrak, -1 <1< 3, Ho 1> 0. noatomy 0 < 2* < 3, x < log 3.
Komeuno, npu pewienun Hepaeenctsa (1 + 1)(f —3) < 0 mowno Bbuto

BBITIONHHUTE COoKpauleHue Ha [ + 1 > 0.
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1
[Ipamep 2. Pemrute HepaBeHCTRBO il ST

| ko
Peutenue: TIpAMEHHM METOJ| HHTEPBATIOB, MycTs flx) =47 Tt
Pemaem HepaseHcTBO f{x) < 0. 3amerum, yto D(f) = (—o0; 0)U(0; o).
1
mﬂummﬂunﬂmeﬁqmynmmpumeuypamemeﬁ" -2 _3=0,
1

I'Imaran2£"=r, rae (>0, npmnnmx}rpameﬂmoﬁ—gr—3 =0

C NONOKHTENBHBIM KOPHEM I = 2. CleIoBaTeNbHO, 2 '=2 x = %, C yue-
Tom obnacTi onpeaenexus nonyuum: fix) <0, f(%] >0, fi1)<0.

= + s

0 172 X
Omeen:. (—o; D)U[%; +a0).

Tpumep 3. Pewunte HepabenctTso 4* < 3-2%+% + 4! &

Pewenue: Paccmotpum dynxumio fx) = 4 — 325 — 41+%_ 06-
nactTeio onpeaenends GyHkuMn senserca ayy [0; +oo). Hallnem wynu
dyHkLMH g =3 2Erx_ g =,

Pasjenus o6e yacTH nocneaHero ypasHeHus Ha 2% *%, momyyum
-G —2:1_{‘5 —3 =0, otkyna 2*- ¥ = 4, x — Vx =2, a nocnenwee ypasHe-
HHE HUMeeT eHHCTBeHHBIH kopeHb x = 4, TlpuMenseM MeTol WHTepRa-
noe: A1) <0, £(9)=4°-3-22-4*=252"°-22*-1)>0.

_!_

Omeem: [0; 4].

45 -2
IMpamep 4. Pemnite HepaReHCTRO < |,
paMep P 2% _\3

45—2
Pewenne: BreaeM B paccM HHe x) = - 1.
Aew:8 paccisorpeans iRm0 Ax) = e

Jlerko BuzeTh, uto 2% —\2 # 0, otkyna D(f) = (—; %)U(l; +o0).

Haxonum Hynm pynkumm flx): 4 =2 -2+ V2 =0, Ypaeuernue kop-
Hel He HMEET, a 3HAYMT, pelleHue HepaBeHCTBa 1uleM Ha obnacTi onpe-
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ﬂenenuad:yukuuu A0)= {“}0 f{l}-
\.2~3 -

31.

32.

33.

34,

35.

36.

37.

38.

39.

54

2, .24+\2)
V2 14

- <0.

T NS

1/4 x

Omeem: (:I{; +90).

3“2“““ A8 CAMOCTONTENBLHOTO pel.[lﬂl'-[]lﬂ.
PemuTe HepareHcTRA.
P <3I*+2,
Omeem. (-, log 2).
(. :
2*+3 2021
Omeem: (—0: 2).

8:3% -\ 4 gl > gk,
Omeem: [0; 16].

34 = T-105 + 2:25> 0.
Omeem: (log, 2; logé %}.
o3>3 o
Omeem: (%: +x),

2l+21-l+‘2,\.-]}2.3:-I+3;+3:'I.
Omeem: (—wo; | ).

(cos)=T < 1.
Omegem: (2mn; % +2m),ne Z n#0;2xk k € Z.

b

Omeem: (—oo;, +o0).
4 +4'"> 4,

Omeem. (—oo, %)U(%; +an),



4+2-3
Omaem: (—o0; 1].
e ¢ -
al. ((5) ~1Ng—¥ 20,
Omeem: [-2;2].
42. (Vx - 1X4*-2'-2)<0.
Omeem:. 1.
| ¥
43, > .
F+1T 1]
Omsgem: (—c; -1)U{0}.
4-2-2
m IS ESomg
vx+ 1 -1
Omegem: [—1; 0U(1; +0).
45. I <1+12-3%
Omeem: (—; log,4).

40. <38\

NOrAPHOMMUYECKME YPABHEHNA N HEPABEHCTBA

3.10. OnpepeneHns, OCHOBHbIE CBOMCTBA
norapugmos, popMynbl

1. Jlorapudmom uucaa b no JaHHOMY OCHOBAHHIO @ HA3BIBAIOT MO-
Kazare.1b CTENeHH ¢, B KOTOPYIO HAJIO BO3BECTH @, YTo6k! nony4uTs b, U3
3anucH log b = ¢ caenyer, uro a° = b, rae ¢ € R, b — norapudmupyemoe
uncno (b > 0), a - ocHopanne norapudma (@> 0, a# 1),

2. M3 onpeaenenns norapudma crenyet, uro @' = b (a>0, 5> 0,
a # 1), KOTOpoe NPHHATO HA3IBIBATE OCHOBHBLIM JTOrapH(MHU4YECKHM TOXK-
AECTBOM.

3. Jlorapudm npouspeeHHA ABYX MOAOKHTE/NbHBIX YMCEN paBeH
cymme norapHdMOB ITHX YHCen.

log (ab)=loga+logh (¢>0,b>0,c>0,c#1).

4, Jlorapuym 4acTHOIO ABYX MONOKHTENbHBIX YHCEN PABEH pa3HO-
CTH NorapuMOB AeTHMOrO U AeTHTENS.
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5. Jlorapudgy cTeneHy ¢ NOSOKHTENLHBIM OCHOBAHWEM pPaBeH Mmpo-
M3BEIEHHIO NOKA3ATENA CTENEHH Ha norapudm ocHoBaHKA.

log & = kloga (@a>0,¢>0,c#1).
BaxHbl cneayrowue cneacTeHA.
Caeocmsue 1. log (ab) = log |a| + log |b| (ab>0,c>0,c #1).
Cnedcmeue 2. tog‘(%) =log |a| —log |6 (ub>0,c>0,c#1).
Cneocmeue 3. logad =kloglal (a#0.c>0.c#1.k=2n,neZ).

Ipu pewernun NorapHMHUYECKHX YpaBHEHHA M HEPaBEHCTB Mo-
Ne3HO 3HATh caeaytolme Gopmybi:

log b
Iogc (@>0,6>0,c>0,c# 1)
og a

log,a

Iogﬁ,,b‘=-£—|ogﬂb @>0,b>0,a#1,n#0).

1. log b=

2. log b=

@>0,b=>0,a#1,b#£1).

aet=pe (g>0,b>0,a#1,c>0,c#1).

@t = Pt (@>0,b>0,a# 1)

a'e? = ples (g>0,b>0,a#1,b#1,logb>0)

Bce npuBenentibie (opMynbl ABNAKOTCS TOAICCTBAMH Ha CBOEH

obnacT¥ NONYCTHMBIX 3HAYEHHH, H CIPaBEATHEOCTD MX NOKa3bIBAETCA.
Jlokaxem, nanpunsep, opmyibl 4 H 6.

S s e

g b i
4, @ = gioss = (alovbyior = b,
6_ QE = biow.u'\’!T = b\llﬂz.:1°f\rh= bm

3.11. 3apannAa Ha NpUMEHeHne
norapndmMnyecknx ceoncTs un chopmyn

Mpamep 1. Buuncaure: log312 - log36 — log,9.
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Pewenue: log?12 - log36 - log,9 = (log,12 - log,6)(log,12 + log,6) -
—log .9 = log,2-log,72 —log 9 = log:% =log,8 =log,2" =3

Omsem: 3.

B8
I[pumep 2. B : log.—==log—.
pumep 2. Buuucaure: log, 5z 032{5
Pewenue: [TocneaopareibHO HMEEM:
(log,¥5 — log,125)(log,8 — log,¥2) = (:l‘__ 33 - AJ i _%§
68

Omeem; -3

Ipumep 3. Burunucaure: log,3-log,4-log,5-log,6:log,7-log,8.

Pewenue: Ilepeiaem k norapudmam no 0CHOBaHHIO 2 BO BCeX J10-
rapudMax, KpoMe NepBoro.

log,3-log,4-log 5-log.6'log 7-log.8 =
log.4 log,5 log 6 log,7 log,8 _
log.3 log,4 log,5 log,6 log,7
Omeem: 3.

= log,3

]ogzs =3,

Ipnmep 4. Haiinure 3nauenue sbipasenus: log, ﬁ{’.’_a : logﬁ‘d'fﬁ :

1
’ 3 2
. . M= ==,
Pewenue: [leppblii MHOKHTENb paBen: log,;n3 3 I 3 log 3.
7 2
Bropoi m  log,122" = -log2 = M10g.2
poii MHOXHTENb paBeH: log,» log,2 = —-log 2.
2
Omuqmenhna HMEEM! —Iogz3 Iog32 = %g [IOCKONIBKY
log 3-log,2 =
Omeem: %

Ipumep S. Petnute ypasHeHne: x'# + 2 =4,

Pewenue: X' = 2'%, noaTomy fanHoe ypasHeHue Oyner 2\ + 2\ = 4,
Q=2 lgx=1,x=10.

Omeem. 10.
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Ilpumep 6. Briuncanre: 2"’55’-(%] 3

Pewenue: [NocaegorareasHo Gyaem UMeTE:

zluu%'ﬁl(g]]“!;-‘ . 2'@313. 2‘053.1 _ % 3

s 3losp

Omeem: 3.

Mpumep 7. Nokasare, yto 4¥085 = 254

Pewenue: Wisnexas w3 oGenx yacTeii paBeHCTBA KOpEHL KBaJpar-
HbIi, Noyuum V4tlees = V250 2Viesd = 567 3 nocsieaHee paBeHCTBO
BEPHO BBHAY caedcTeuA 6 (opmynsi).
X:
J}_E-
Pewenue: W3 venosus BHAHO, YTO f > (), Toraa JaHHOE BhlpaXKeHHe
1
2

Hpumep 8. YnpocTuTh BhIpaKeHHE: log_‘;% - log,

1 |
TOKIASCTBEHHO PABHO Bblpa)KeHHIO “2"108x,|1| - zlog v -

| il J
EIUE‘-‘:L | = 2]0g|(|_1ai.

log, x| +

Omesem: %]og) M.

3azanus 418 CAMOCTOATE/IbHOTO PelleH .
Beiuncaure (vnpaxHenus 46-51).
Igl6 + 1g9

- TesaTia2

5
Omesem: =,

3
1033{*3 - IOg;\t’E

47. = A
Iogﬁs +2log,2

=
Omeem: ﬁ

48. 1g5-1g20 + (1g2y.
Omeem: 1.

49. Vlog,6-log,3 + log,432 - log,12.
Omeem: 0.
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50. log,125'log V4.
ol
Omeem. 13+

51, 9 _ f4leel,
Omeaem: 0.

52. ¥Ynpoctute BHIpakeHHe (aF-:F” + bﬁ,ﬂ” :(ab)h:.,l.,.-».
Omeem: ab.

PA3J/INYHbIE BAPUAHTDI PELLEHWUA
JIOFAPUOMUYECKUX YPABHEHUWN

Ounpeaenenne: Ypasnenue, colepialliee HEH3BECTHOE MOJ 3HA-
KOM florapudMa MKW B OCHOBAHMM norapHma, HasbiBaeTcs norapud-
MHYECKHM.

3.12. PewseHne ypaBHEHUN,
OCHOBaHHOE Ha onpeaeneHuun norapudpma

a) Ypaenenue suna log fx) = b, rne @ > 0, a # |, paBHOCHIBLHO
ypaeHeHHIO f{x) = a’.
Mockonbiy @ > 0, To npu x,, TakoM, uto fix,) = &', Gyner fix,) > 0.

0) Ypasnenue euaa log ;{xrﬂx) = b paBHOCH.ILHO CHCTEME

fx) = g'x),
8(x)> 0,
gx)# 1,
Ax)>0.

[Mosromy MoxHO peltnTs ypasHenwe flx) = g%(x) H MpoBepHTEL NpH
HaliIEHHLIX KOPHAX BBIMIOMHEHHE HepaBeHcTB g(x) > 0, g(x) # 1. Mpo-
BEPATEL BbIMONHEHHe HepaseHcTa flx) > 0 HeobA3aTeNbHO, MOCKONLKY
Ax)=g'x) > 0.

Jameyunue: MOXKHO PElTMTh YpaBHEHHE M NPOBEPHTL HalIeHHbIE
KOPHU HCNOCPEACTBEHHONH NOACTAHOBKOH WX 3HAYEHWA B ypaBHeHWe

log,,, fix)=b.
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Ipumep 1. Pewnre ypapHenue log, (x* +3x—6)=1.
Pewenue: Obnacts onpeneneHus ypaBHeHUs 3aJaeTca CHCTEMOH

HepaBeHCTR:
2—x>0,
2-x#1,

X¥+3x-6>0.

Tpumenss onpenenenye norapudma, noayuum x +3x -6 =2 - x,
¥+4x-8=0,x =2+ 2+3. Oba KopHs YIOBIETBOPAIOT BCEM HEpa-
BEHCTBAM CHCTEMbI W3 O0NIACTH OTPeIeIeHHA.

Omsem: -2+ 2\3.

Ipumep 2. Pewyre ypapnenue log, (3x° - 7x+3)=2.

Pewenue: W3 nanroro ypasHeHHs cnenyert, 4to (2x — 3)° = 3x® -
—Tx + 3 wnu x* — 5x + 6 = 0. KopHu nocneanero ypapHeHus 2 u 3.

HenocpencTBeHHas NoacTaHOBKA B MCXOAHOE YpPaBHEHHWE 3Haue-
HHS 2 [1aeT B OCHOBAHHH NorapudmMa eqHHHLY, 4TO HeBo3MoxHo. [Tpw
x =3 nony4aem log,9 = 2 — BepHoe paBeHCTBO.

Omeem: 3.

[pumep 3. Pewnre ypasHenue log cosx = 1.

Pewenue: VI3 ycnosus cnemyert, uto sinx > 0, sinx # 1, cosx > 0.
Scwo, uTo x — yroa nepeoii YeTBepTH eAWHWYHOH oKkpyxkHocTH. U3 onpe-
naenexus norapudMa cieayer, YTo Sinx = Cosx — OIHOPOAHOE YpaBHe-

Hue, tgx = |, x = % + mn, n € Z. U3 nony4eHHOH cepun KOpHeH BbIOH-

paeM Te 3Ha4eHNWA X, KOTOpPEIE NPHHALIEKAT NepRoH YeTBEPTH, MOITOMY
T

R 2nk. ke Z.

Omeem: % +2nk. ke Z

3ananHg A CAMOCTORTEILAOIO pelleHH .
PewuTe ypaBHeHUS.

53. log_,16=2.
Omeem.: 5.
54. log  (x+2)=-I.
.5 =3
Omeem: A

55. log, (2x—-1¥=2.



Omeem: E
3
56. log, (1 —cosx)=2.
Omeem: KopHeH HeT.

57. log,(logi(2x+3))= 1.

(@) -lﬁ 12.
meem: —lz=;
58. xlw-N=(3x+2)
Omeem: KopHeH HeT.

3.13. YpasHeHMA, pewiaeMmbie norapupmMmuposaHMeM

K TakuM ypaBHEHHAM OTHOCAT ypaBHEHHA, CONEPHKALIHE HEH3BECT-
HOoe B OCHOBaAHHAX JIOTapU(MOB W 110Ka3aTeNaX cTeneHeil BLIpaOKEHHH,
CoflepHKAIINX TorapHbMbL.

TIpumep 1. Pewnute ypaBHeHHe x'¢* ' = 8x,

Pewenue: Obnacts onpeneneHus ypaBHEHWs 3alaeTcd HepaBeH-
creom x > (. Ilponorapudmupyem obe wacTd ypaBHeHMs nmo ocHOBa-
HHIO 2, nomyunM log, (x'#2 - ') = log (8x), (logx — I)logx = 3 + log x.

lMonaras nanee logx = 1, nmonyyaem KBaapaTHOE ypaBHEHWe
£ —2t-3 =0, xopHH m-mporo—l u3.

3HauuT, I0g2x=—l,x=-2~n logx=3,x=8.

ls

Omeem: 5
ITpumevanue: Ykakem eme onuH crnocob pelleHHs IaHHOIO ypaB-
Hetus, [Tonoxkum log,x = 7, Toraa x = 2', W HCXOAHOE YpaBHEHHE NIPUMET
BUA 2V-"=2%2 orxyna £ -2r-3=0uT A
Jlorapudmuposanrem obenx 4acteit ynobHo pewars rnokasareib-
HBIE YPABHEHHA.

Ipumep 2. Pemute ypasHenue 372 =
Pewenue: INponorapudmupyem obe 4acTH ypasHeHHS 10 OCHOBa-
HHI0 3 (MoxkHO 2 wan 6), monysmum x° +x-log 2 =1 +log3, (- 1)+
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+(x~Dlog2=0. (x—1)x+1+log2)=0.orxyrax=1 wmm (x+1+
+ log,2) = 0.
INocnenwmee ypapHeHHe Gyner WMeTh BRI

x=—(log,3 + log,2) = ~log,6 = iog,-é-.

Omeem: 1, Iug_%.
3ananss 408 CAMOCTONTENILAOIO PellleHus.
PeiunTe ypaBHenus.
59. x'& =y,
Omeem: % 9,
6 _
60. ET
Omeem: 1, log,0,5.
61. 475 =50.

Omeem: IogSO,S, 2.

3.14. NorapudpMmueckmne ypasHeHUs,
pellaeMbie NOTEHUUPOBaHUEM

IMocne npusenexus k Buay log of(X) = log  e(x) nepexonum k pas-
HOCHIIbHO#H CHCTeme

Sx) = g(x),
Ax)>0,
2(x)>0,
plx)>0,
p(x)# 1.

Wz apyx nepapercte fix) > 0 u g(x) > 0 MOXKHO OCTaBHTh TOIBKO
OaHO — Ha“ﬁ'ﬂ‘ﬂﬂﬂ BEINMOOIHOE 1A PEIHEIO“IBT‘O.
ITpumevariue: Moo pewiHTs ypasHenue fix) = g(x) U BBITIOTHUTE

NPOBEPKY.

Ipumep 1. Pewmre ypasuenue log,(x - 2) - log (v + 4) = log x -
- log,15. '
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Pewtene: Hafiaem obnacTe onpeneneHys YpasHEHHS, PELUIUB CH-

cTeMy
x+4>0,
{x—2>0, < x>2.
x>0,
Jns ynoGeTea pelneHus nepernuiem YpasHEHHA B BUIIE
log,(x—2) + log,15 = log,(x + 4) + log x,
log,15(x - 2) = log x(x + 4),
15(x — 2) = x(x + 4),
¥—1x+30=0,
X=5umMx=06.
O6a HallaeHHBIX KOPHA YIOBJETBOPAIOT HEPaBEHCTBY X > 2,
Omeem: 5; 6.

Tpamep 2. Pewmre ypasuenue log,3 + loglog(x + 2) =
= log,log,(10x + 17).

Pewenue: Y1obbl HaitTH o0bnacTh onpeaeneHus ypaBHEHHA, Heob-
XOIMMO PELUMTH CUCTEMY HEPABEHCTB

log,(x +2)> 0,

log.(10x + 17)> 0, x+2>1, x>-1, i
x+2>0, Plier+ 1751 Plesas BF 0
10x+ 17> 0

3ansem ucxoaHOE ypaBHEHHE B BHIE
log,(3-log,(x + 2)) = log log,(10x + 17),
3log,(x + 2) = log,(10x + 17),
X+ +2x-9=0,
[Mocnenuee ypasHenue uMeeT O4EBHAHBIA KOpeHs X = |,
Panoscim NeBy1o yacTh ypaBHEHHS Ha MHOJKHTENH x° + 6x? + 2x - 9 =
=x'=1+60"-6+2x=-2=(x-1)x*+x+1+6x+6+2)=0, x=1

f+n+9=mx=ﬂégﬁ.

Oba kopHa KBaAPaTHOrO yYpPaBHEHHA HE YOOBJIETBOPAKOT HEpPABEH-
crBy x> 1.

Omeem: |.

1
Ilpumep 3. Pewunte ypapnenue log cosx + log  (cosx + 5} = iogmi.

Pewernue: B 3TOM ypaBHeHUM KOPHH AOMKHBI YAOBNETBOPATH
YCJIOBHAM
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cosx > 0,
sinx > 0,
sinx # 1.

HAcHo, 4To X — Vroa NepBoil YETBEPTH €IMHHYHOH OKPYKHOCTH.
[locne noteHuuposaHua nonyyaeMm ypasHenue 2cos'x + cosx — | = 0,
OTKyaa

cosxy = —| (He ynoBaeTropAeT ycnoBuio cosx > 0),

cosx =, I=ﬂ:-g- +2mn, n € Z. Tak kak x — yron nepBoii YETBEPTH,

mx=-;-+2mr.nez.

Omeem: %4- 2m.ne Z

3aaanus 418 CAMOCTONTE/ILHOMD PeleHHs.
Pewnte ypasHeHus.
62. log(x+4)=log (2x* - 5)—logx.
Omeem: 5.
63. 2x—1—log (23 —9) = log,(3* - 6).
Omeem: 2.

64. lg(6'5* +2520°) = x + Ig25.
Omeen: lcg,-:"- lngj%.

65. 1+ I::-g1 +2 4I0g\a(x -27.

Omeem: 1+ \7; -1 13,
3amevanue: He mﬁynme YTO Iog x*=2klog Ixl,a>0.a#1,x#0.

2x+1 +1 = x+2
66. Iog — log, e ] lug1 = 2 iogfx— T
Omeem: +\7.
Vikazanue: 3ametum, 410 lug = logz b > 0,c>0.c#£1).

67. loglog.x + 2logllogz(2.x -3~ 0.

5
Omeem: T



3.15. Pewenne ypasHennit suaa f(log g(x)) = 0,
rae f(x) - nexoropasa pyHkUmna

[Tpu peluenuy Taknux ypaBHEHH#H BhINOHAETCA 3amMeHa log g(x) =1,
Toraa log g(x) =, rae t — kopuu ypasHenus ft) = 0. Heobxonumo nom-
HuTh, uTo a >0, a# 1.

AnanoruHo pewaiorcs ypashenns Buaa fllog  e(x)) = 0, onnako
3/1€Chb, B OTHYME OT ypasHeHua fllog g(x)) = 0, Heobxoaumo yuHThIBaTH
obnacTs onpeneneHHa WK BbIMOMHATE POBEPKY.

Ipumep 1. Pewunre ypasnenue 2lgix* — lgx® -2 = 0.
Pewenue. 1g°x* = 4lg’x|; lgx® = 6lg|x|, nosromy nanuoe ypasme-
HHE PAaBHOCH/bHO ypaBHeHuio 8lg x| — 6lglx| — 2 = 0 uan ypaeHeHHIO

41gix — 3lgx| — 1 = 0. SAcwo, wro lglx| = | wm Igjx| = —%. KopHn ypase-

HusA x = =10 Ham x = £10°°%,
Omeem: £10; £10793,

Hpumep 2. Pewnre ypasuenne 3lgx® — Igi(—x) - 5=0.

Pewernue. Haiinem obnacts onpenenexus ypassenus: x < 0. Torpa
lgx* = 21g|x| = 2lg(—x), 1 nonyuum ypaBHenme Igi(—x) — 6lg(—x) + 5= 0.

lg(—x) =5 wnn lg(—x) = |, x =-10° nu x =-10.

Omeem: —10°; —10.

3aaHun 115 CAMOCTOATE/ILHONO pelueHHs,
Pewwre ypaBHeHHA.
68. 2lgx + lgx’ = 2lg(10x).
1

O s 10, ——.
TN T
69. ZV'Iegzx + log,(4x) - 10 = 0.
Omeem: 6.

2 2 - 1
70. l033(9x)+log;(3x) 2 Iogjx.
.
Omeem. 3 o
71. 1g(100x)lgx* = 6.
Omeem: 10; 0,001.
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3.16. Pewenne norapuipmMuuecknux ypasHeHNH
¢ nomouysio hopMyn nepexopa
OT OQHOr0 OCHOBaHMA norapudma kK Apyromy

Jaa nepexona ot norapudma ¢ OIHUM OCHOBaAHHEM K apyromy Gy-
JeM MpUMEeHATE hOPMY bl

log b
]n:_’ulg”.-f1=mgﬂr (@a>0.b>0,c>0,a# l,e# ). ()

Ecnu B 310# opmyiIe NONOKHTD ¢ = b. TO MOTYHHUM

= 2
log b log.a (@>0,.0>0,a#1,b#1). (2)
Acno. uro log b u log,a — B3aumHo obparHbie umucna.
11 1
log ;b = I-@ = I-Iogﬂb. Hrak. nony4eHa eule oaHa nones3xas
dropmyna:
logjb"=%logub @>0,0>0,a# 1, k#1). (3)

[MNokakem npumeHenue 3Tux GOpMYIT NpH pelieHHH Jorapudmuse-
CKHX YpaBHEHHH.

Mpumep 1. Pewnre ypasuenue: logx + log x + log.x = 3%.

Pewenue:

1) AcHo, yTo obnacTs onpeencHUs YPABHEHHA Orpene/isercs He-
paseHcTBOM X > (. Mcnoaeaya dopmyny (3), noayuum

|UEJ logx | 1
+1 =—
i -
lo B—a‘{ + =+ []:I_..
3 3
logr =2;
x=4,

2) A enn He BecnomHu opmyny? Torna MOKHO NOCTYNHTE M Tak:
noaoxum log x = 1. 1> 0: x = 2', ¥ HCXOQHOE YPaBHEHHE NPUMET BHA

11
log2' + log,2' +1=—=;

3
11
flog,2 +tlog 2 +1= 3



Omeem: 4.

Ipumep 2. Pewmre ypasuenue: Vlog (4x)logx = 2V2.

Pewenue:

1) Haxompnenre obnactH onpeieneHHs JaHHOTO ypaBHEHHS J0-
BOJIBHO TPYAOEMKO, MOITOMY pelliHM YpaBHEHHE U CAEIaeM NPOBEPKY.

ITpeobpazyem neBylo YacTs ypaBHEHUA:

Viog (4x)-log x =Vlog 4 + I-log x = 1‘:

"IL + Ilogx= 12.

log,x
Boasens ofe usacTu ypaBHEHMA B KBaJpaT, MOJMYYHM Iogix +

2 1
Tog * 1'loBx

+ 2log x — 8 = 0, orkyna logx = —4; logx = 2,x=—]~l€,x =4,

Iposepra.

it ot b ool 2o

x=1g \Jlogﬁa log,7¢ = 5(-4) =-2, -2 #2V2.

x=4; \log,16 log,4 = 2v2 - noy4aem BepHOE PaBEHCTBO.

2) Monoxum log,x =1, > 0; x =2, TOraa HCXOIHOE YpaBHEHHE NpH-
MET BHI

Vlog(42')t = 2\2; \Jl + %-r= 2\2; £+2-8=0, otkyna t =4,

(=2>0.x=2"=4,
Omeem: 4.

IIpamep 3. Peuire ypasHenne log.x + rogl% = Iugilr + log?5 - %
Pewenue: Obnacts onpeneneHHs ypaBHeHHA 3anaeTcd obbenune-
HHeMm JIRyX npomexyTkos: (0; 1)U(]1; +oo). 3amMeTHmM, 4TO Iogl—ls- =log_,5u

3 1
IOE-T; = log:x, No3TOMY HCXO1HOE YpaBHEHHE NPUMET BHL
5

logx + log,5 = log3x + log’5 ~ 7 log,x + log,5 = (logx + log Sf ~2 .
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Hanee, nonoxue log.x + log 5= ¢, nomyunum ypasxexue £ —/ —%= 0,
Ocraetes pewmnTs ypasHenus log.x + log 5 = —% ulogx +logs= %
Teproe ypaBHeHue kopHei He Wmeet. Pewenne BTOporo ypasHe-

1 1
ums naet log x + F =2+ 5 OTKyzia logx =2, log.x = 0.,5.
Omeem: 25: 5.

Ipumep 4. Petuute ypasHenne 10&.% + log 2x = -~

Pewenue: OBnacrs onpeneneHus ypaBHeHHs 3alacTcd CUCTEMOM
x>0,
HEPABEHCTB 1

£—1~.
Ilepeiinem B orapudmax K OCHOBAHHIO 2, BOCIMOJIb30BABIUIMCH
dopmyzoi (1):

8
[ng; : Iogjlx m 3- Iog,,r+{l +logx¥ 10
log.4x "~ 9 * 2+ logx 9 9
3—¢ U+ 10
2779 9%
KOTOpOe nociie NpeoGpa3oBaHWii NMpHMeT BHA 1 + 4F — 147 + 9 = 0,

OGo3Hauus log,x = 1, Noy4yum ypaBHeHHE

O710 ypaBHeHHe MMeeT oueBHAHBIH kopeub ( = |. [ladee nomyuaem
PHAP— 141+9=(1- |)(:=+5:a9)=o;:=+5;-9=0::=:§f,‘,—‘@l.
3Haumr, log,x =1 nx =2 uw lng,zx=M M X = Y2756l

2
Omeem: 2;\2 6,

3aaaHns 198 CAMOCTOATEILHOIO pelieHndA.
Pewnte ypaBHeHHA.

72. log(25x) + log.x = 2,5.
Omesem: 5;5.
73. logix+ Iogl x + logix = 61.

Omaeni: 2*'2.
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74. log.2+log.2 +log 2=1.
Omeem: +28.

75. log3 +logx—1,5=0.
Omsem: 3;9.

76. log’}lng:_?; - logﬁQ.

Omeem: 3; 343,

1
2 log—
i
210827~ Yol

77. 2.

og.x
Vkazanue. WUenonesosars i = log,5.
og.x

9
Omeem: —
V5

norapuMdmM B noKasarene creneHu

Takue ypaBHeHus pewaioT jiorapumMupoBaHueM obeuwx wvactei
ypaBHEHHS TIO OHOMY K TOMY e ocHosaHwWio. Kak npasuio, BeiGupalor
OCHOBaHHe, cojepxalleecs B OCHOBAHHH cTerneHH norapigma. Mel yka-
)KEM M Ipyroii cnocob pemeHus NogoOHLIX YpaBHEHHI — OH COCTOHT BO
BBEICHUM HOBOH MepeMeHHOH.

IIpamep. Pemnre ypaBHenne: x'#*' = 10°,

Pewenue: Obnacts onpeziencHHA YPaBHEHHA YCTaHABIHBAeTCH He-
pasercTeoM x > 0. Jlorapudgmupys obe YacTH ypasHeHHA 110 OCHOBaHHIO
10, noxyuum lg(x's ') = Igl10°. (Igx + 1)lgx = 6. Tlonaras nanee Igx = ¢,
MoOMY4HM ypasHenne £ + f — 6 = 0, kopHH KoToporo -3 1 2, Ho Toraa
lgx=2ux=100,wm lgx=-3nx=10"

Tenepr pemymM 3T0 ypaBHEHHE, CBEAA €r0 K MOKa3aTe/bHOMY, NS
3Toro nmonokum lgx = I, To ects x = 10". HexonHoe ypaeHenwme npu-
met B 1071 = 10° H3 nocneanero ypasHenua cneayer (t + 1) = 6,
£ +1-6=0, a nansHeluiee peweHre yxe ObLT0 paccMOTPEHO.

Omeem: 100; 107,



3IIIISIHIII I8 CAMOCTOATEILHOTO peuIeHnd.
Pewnre ypasHeHHS.

78, x2m2 =4,
Omeem; 2.
79. X = 10x.

Omgem: 0,1; \10'= .

3.18. PeweHue ypaBHEHUNA,
OCHOBaHHOE Ha NpUMeHeHUH
HEKOTOpbIX NorapupmMuyecKmnXx TOXAeCTs

I. U3secTHo, uTo log b =;‘;*[0g"b (@>0.6>0,a# 1.n#0). Ecnu

n W k — 4eTHBIe UKCIa, To opMyna npuMer Bua log b = %- log |b] (a>0,
b>0,a#xl.n#0).

Tpumep 1. Pewnte ypasuenne 2log o(x* - 3x) = I.
Pewienue; O01acThIO ONpeNeieHNs YPaBHEHHS ABISETCA MHOXKe-
cTBo (—oc: =1 )U(=1; 0) U(3; +a0). JlaHHoe ypapHeHHE paBHOCH.TLHO YpaB-

uenwio log (x* - 3x) = I, wan x* - 3x = [x|. [lanee nnieeM 1Be CHCTEMBI:
fx<-l,
! >
ix<-l, H {‘E 3’ _
E-2xwp W=

Ilepras cucTeva peleHHH HE HMEET, 4 pellicHUeM BTOpOIt cHCTe-
Mbl ABIAETCA X = 4.

[Tokaxewm euie 0JWH cnocol pewmeHus HCXoaHoro ypasHeHusa. Ha
AIAHHOTO YpaBHEHHA crieyeT, uto log o(x* — 3x)* = 1; Toraa (x* — 3x)* = x°,

(x* = 4x) (x* = 2x)= 0. x =0, x = 2, x = 4, HO TONLKO MOCNEeAHee 3HA-
YeHHe BXOAUT B 00:1acTh onpeneieHHs YpaBHEHHA.

Omeem. 4.

IMpumep 2. Pewmte ypapHenue log,(x— 1) + log (x—2) = log,2- 2.
Pewenue: OBnactb onpeaeneHWs ypaBHeHWUs 3ajaercs yclo-
BuaMu: x > 1, x # 2. JlanHoe ypaBHeHHE PaBHOCHILHO YpaBHEHWIQ

2 2
log ((x— Dix-2)) = Iogja, oTkyna (x— 1)jx—2| = r
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JNA HaxXoMAEHHA X HIMEEM [1BE CHCTEMbI:
l<x<2, x>2,
H
f—3x+%=0 x2—3x+%=0.
2 1
Mepsas cucTeMa geT x = ii ]i’ a NOCNeHAL CHCTEMA UMEET

__9+~Jﬁ
TOABKO OJHH KOPEHE X = ————.

2 .1 9+ﬁ
Omsem: 13, 13 3

2. MNokaxem npuMeHeHHe Gopmy.:
log (ab) = log |a| + log |b| (ab>0,c>0,c#1).

log‘,(%) = log |a| - log |b] (ab>0,c>0,c#1).

Mpumep 3. Pewnte ypasuenve log x(x— 1) = log;lx— 1| m log3x|.

Pewernue: OGnacTs onpeaeneHnn ypasHeHusa x € (—oo; 0)U(1; +x0).
ComtacHo nepeoit 3 npueeaexHbix dopmya, log |x| + log,x— 1| —
- {Iognpc— 1] = log;|x]) = 0, oTkyaa MMeeM COBOKYNHOCTL YpaBHEHHH

[Iogzlxl + log, x- 1| =0,

log.lx— 1| - log,|x| = 1.
Pewunm neppoe ypaBHenue: [¥° — x| = ;X —x-1=0;x = I—:%ﬁ
O6a nony4eHHbIX KOPHA ABAAIOTCA PELIEHHEM NAHHOIO YPABHEHHA.
Pewnm BTOpoe H3 NOAYYEHHBIX YPABHEHHIA: J | = 2. Oro ypas-
HeHHE pacrafaeTcs Ha ABa YpaBHEHHA: %1 =2 uaH Tl = —2, KOpHH
KOTOPBIX —] H 31 H3 nomyyeHHbIx KOpHe#H Tonkko —1 € (—oo; 0)U(1; +0).
Omeem: —1; ! :;‘E.

38}13!:[!! OJif CAMOCTOATEIbHOMN PEMICHHH,
PewnTe ypaBHeHHA.

80, xlos® + Sleeyr= g4,
Omeem: 3",
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81. Qlosr 4 Jxlowsi= | §
Omeem: 2.

82, x¥wB 4 Joud-l= |8
Omeem: 3.

83. log.(64 — 3x'¥) = log x.
Omeaem: 0.25: 4,

PA3/NTNYHBIE BAPUMAHTBI PELLEHMA
NOTrAPU®MHUYECKUX HEPABEHCTB

3.19. NpocTelwne norapudmmyecKkne HepaseHcTBa

1. log x> b npu @ > 1 nmeet pewenre x € (o™ +x),anpu 0 <a<|
x € (0: &)

log x < b npu a > 1 umeer pewenne x € (0; a’),anpu 0 <a < |
x € (a”; +x).

Ax)>0,
2. log fix) > b npu a > | paBHOCH/IbHO CHCTEME {f(x) oy

s nony4eHus OTBETA JOCTATOYMHO PELUMTDb TOLKO BTOpOE HEpa-
BEHCTBO cHcTeMbl, TaK Kak flx) > a" > 0, a npu 0 < a < | HepaBeHCTBO

log,f{x) > b paBHOCKABHO CHCTEME Ax)>0,

x) < a.

Hepagencteo log fx) < b npn a> | paBHOCHILHO CHCTEMe {;’(ﬁ;}zgh
INpu 0 < g < | naHHOe HEpaBEeHCTBO PABHOCHJILHO CHCTEMeE

fx)>0,

a2 o OnATh JOCTATOYHO PEUIMTH TOIBKO BTOPOE HEPABEHCTBO.

3. Hepasenictea log, ¢(x) > a w log, ¢(x) < & paBHOCH/IbHbI CHCTEMaM:

{.ﬂux}} It {0 {ﬁx}{l‘
logﬁ.t}'p(x) 245 gtﬂ)ﬂi{:i); 108,_,,99(1'] <as ;{gi:;)}::]f (x);
{0 <Px) <SG {0 < 9(x) <f(x).

4. togmg(x) = log, h(x) cBomMTCA K COBOKYMHOCTH [IBYX CHCTEM
HEPABEHCTR:
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g(x) = h(x),
h(x) > 0;
{0 <fix)<l,

'{ﬁx) > 1,

&(x) < h(x),
| [2(x) > 0.

AHAaNOrHYHbIE pacCyxNeHHd MMNPHBOAATCA 144 HEPABCHCTBA

log,,8(x) < log, /(x).
[pumep 1. Pemunte HepaBeHcTBO Ia:ngzlog,‘%‘k_3 >-1.

Pewenue: Tax xax D(log,) = R, géi—‘?'— >0, logzlog‘#
> I\t:pgﬁ2 [Tockonsky dyuxuua y = log.f — Bo3pacTatowas, log‘x L 3 2',
HMTak, HCXOIHOE HEPAaBEHCTBO PABHOCHIBHO CHCTEME
x + 3
f < lo 2—-——3 ]
log"; = 3 >0; - 2
Onyckas noapoOHbie, AHATOMHYHbIE CENAHHBIM Bblllie, 000CHOBAHHS,
x+3 . 0
NPHXOJHM K CHCTEME HEPABEHCTR e=x oXtd 3 > 2 -1, 0.
xt+3.4 2-x 2-x
7% %

anMEHJI.ﬂ K NMocneaHeMy HEpAaBEeHCTBY METOJ HHTEPBANOB, MOy~

UHM: X € (3, 2).
Omeem: (§l~ 2).

2y 4 L
Mpumep 2. Pelunts HepaBeHCTBO qlg_;mx___lg__,t_]_J <l.

+ -
Pewenue: Tlonoxum Igx = y, nomyusmM !mpaneucmu}%{—l—:‘-’-- 1<0,
s o i ol T I sl
KOTOpO€ PaBHOCHJILHO 51 2y = 4: 0. Permaem

nocnejHee HepaBeHCTBO METOAOM HHTEPBAIOB:
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-1 1/2 2 ¥y

Hrak, y < -1 ulgy < -1, Torma 0 <x < 0.1; 2‘{1 <2 2€]g1'<2

V10 <x < 100. o
Omsem: (0; 0.1)U(~'10; 100).

Ipumep 3. Pewunte nepapenctso log  (x* + 3x" + 2x) < 2.
Pewenue: JlanHoe HepaBeHCTBO PaBHOCHILHO JBVM CHCTEMAM HeE-
PaBEeHCTE:

x+1>1.
X+iIxr+2x>0.
P43+ 2r<(x+1)%

D<x+1<1],
X+3r+2e>(x+ 1)

x>0,
Pewaem nepsyio cucremy: < x{(x* + 3x + 2) > 0,
X*+22-1<0.

Bropoe HepapeHCTBO BhinonHAeTea npu nobom x > 0,
Peluaem TpeTbe HepaBEeHCTBO CHCTEMBL:
©+l14+2x-2<0;
(x+1)E—x+D+2(x+INx-1)<0;
(x+ D —-x+1+2x-2)<0;
(x+1)xr¥+x-1)<0.
IMockoasky x > 0, x + | > 0, ocTraeTca peuIHTh HEPABEHCTBO
X+x-1<0:

-1:'{5 -1++5 x
2 2

V51

5

Peluenue sToporo HepapeHcTBa BTOPOH CHCTEMBI M3BECTHO (CM.
PHCYHOK), 8 TAK KaK —1 <x <0, To cHCTEMA pelLUeHHil He HMeeT.

Omeenm: [0 2

Takkakx > 0, 700 <x <
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3apanun 18 CAMOCTORTENBHOTO pelleHH .
PewmTe HepaBeHCTBA.
84. logy(x*—4x+3)<I.
Omeem: (—1; 1)U(3; 5).
lgix —4lgx + 5 &1
2lgx-3 '
Omeem: (0; 10v2)U(100; 10000).

86. xu-eres> |,
Omeem: (3 —V5; U3 +/5; +o0).

85.

2x 1
87. I-:}g‘l’IT31 < 3
Omeem: [5; +x).
88. xa¥ > 2,
Omgem: (0; 0,25)U(4; +x).
89. 2-3“<6.
Omeem: [-log,6: 1].

3.20. Pewenue norapupMuyecKkmx HepaBseHCcTs
MeToAA0OM MHTEepPBanos

TTpu peweruu TorapudMHUYECKHX HEPABEHCTB, NpPEACTABNAEMBIX,
HanpumMep, B BHje flx) > 0, METOIOM HHTEPBANIOB HAXOAT:

a) obnacTs onpenenenus dhyHkUMH flx);

6) HynH dyHKUEH, pa3OuBarouHe oONacTs oNpeesieHUs Ha NMpoMe-
HKYTKH, B KAXKIOM U3 KOTOPBIX (DYHKUHA COXPAHAET NMOCTOAHHBIH 3HaK,

H 3aITHCBIBAKOT OTBET.

TIpumep 1. Penmre nepasencteo log V5 - 2x-log 3 — 1 <0.
Pewenue: Beenem dyukumo fix) = Iog,is ~2x-log 3 = 1. Haiinem

x>0, (x>0,
ee obnacte onpenenenus: < x £ 1, &> 4xFE,
S5—-2x>0; x <23,

Hraxk, D(f): (0; 1)u(l; 2,5).
Haxomum Hyam dywkumn: log,v5 — 2x-log3 -1 =0
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io&'\f

1033 =loVs-2x=xox+2x-5=0:x=-1%V6 -

OCTOPOHHMI KOpeHb.

- + - +

i VG- 1 2,5 x

/)= log,“” | <0; f1,4)>0; f2) <0.
Omeem: (0; i)UNg— §:2.5).

ITpumep 2. Pewunre HepasencTso log, ,(x* —x* — 20) — log, (x +4) > 0.
Pewenue: Haﬁneu obnacTk onpeneneHns GVHKUNAK
fx) = log, (> - x*~ 20) - log, ,(x — 4), pewnB cHcTeMy HepaBeHCTB:

(x—5)x+4)>0,
{x+4>0; < x>5.

OnpeiaenuM Hy1H QyHKUWK, pellWB ypaBHeHwe (x2 — x* — 20) —

~-(x+4)=0; (x-5)x+4)-(x+4)=0; (x+4)x-6)=0.

90.

91.

92.

93,

76

IIpu x > 5 kopHeM ypaBHeHHA gBnseTca x = 6.

W

5 6 x

Omesem: (5. 6).

3aganAs 1,18 cCAMOCTONTENBLHAOIO pellleHHN.
Pewmwute HepaseHcTBa.
log,(5x + 1)

- < 1.
log(Tx-1)y ~
Omsem: (— L 0) U[ ]
i - 49 '
log 2 < log —2.

Omaem: (0; 1)U(2; +eo).

log(x + 1) <1 - 2logx.
Omeem: (0; 1).

log,log,log (x> + x +2) <-1I.
Omeem: [-3; —-1)J(0; 2).



3.21. 06 oaHoM cnocobe pewennn
norapuipMuyecKkux HepaseHCTB

MoxHo nokasate csoiictso: log b v (@ — 1)(b — 1) WMetoT oIHH H
TOT e 3HaK.

2(x—2) > 1.
S DE-5)"
Pewerue: Haxonnm obnacte onpeneiaenns ynkumu, B esoi ya-

CTH HepaBeHCTBA, PEIIMB CHCTEMY:

pawmep. Pemrvure HepasencTso log,

x>0, x>0,
x#1, x#1,
2:-2) o 1222,
(x+D)x-5 x-5
- - - +
0 1 2 5 x

D(f): x € (0; 1U(1; 2)U(5; +x).

3anuuiem HCXO/IHOE HepaBeHCTBO B BHAe log, (i—(f);i) lo g, L
wnu 1 M >0 B ii-
H 108, - 3G — 5 2 0 W BOCTIOb3YeMCA NPHBEEHHLIM Bhillle C50
2(x-2) ) 1-x2x¥—4x—x*+5x—x+5
(x )((x+l){x R ™ GFDE-5) 20
(1 = x)(2 +5)
c’x(x+ DG =3) =0.
C yuerom obnactu onpegenenns x > 0, x + 1> 0, x* + 5> 0 nocnen-
Hee HepaBeHCTBO MOXKHO 3aITUCaTh B BHIE i:; = 0.
- + —_
1 5 X

Tak kak x # 1, To nony4aem x € (1; 5). C yuerom obinactu onpeje-
neHns Gyrkurn nomydaeM (1; 2).
Omeem: (1; 2).
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3aiaHns 1S CAMOCTORTENBHONO PeleHns.
Pewnure HepaBeHcTBa.

94. log, x<1.
Omeem: (0; +x).

95. log,, Ax—1,5)>0.
Omsem: (0,5; 1U(1; 1,5)U(1,5; 2).

96. Ingr'q'x+ 12<1.

Omeem: (0; 1)U(4; +x0).

3.22. PeweHue norapupmMuuecKkux ypasHeHUH
M HepaBeHCTB C NPpUMEHEeHUEeM NOACTAHOBOK

Ipumep 1. Pewnte HepaseHcTBO xioEr > 4y
Pewiernue: Tlyetbx =2, Torna 2" > 42, £>1+2,Ff—1-2>0,1>2

1
Hi<-]. cho,qu:—-dn{}-r:x{f.

(Omeaent. ({}; %)U(tl; +on),

Tpumep 2. Pelunte HepaBeHCTBO 3981 + xloy < 6, .
. Pewenue: Tlonaras x = 3', nonyuum HepaseHcTBO 3 + ¥ <6,
3" <3,F<1,-1<t<]. lanee pewnaem HepaBeHcTBo —| < logx < 1 u

nony4aem x € (% 3),
Omeaem: (% 3].
Tipumep 3. PelunTe HepaBeHCTBO X'#-210:0 > 4.5/,
Pewenue: 3ametum, uro log 10 = I_;rﬂ Toraa ¥'®- 2% > 4.5,

sl a
IMpumennuw noacranosky x = 10°, toraa 10727 = 4-5",
el a |
Coxkpaias obe 4acTH HepaseHCcTBa Ha 5™ > (. noayuum 2777 = 27,

1 f=-2r=1 R e (0 (- INF+e=1
r3+-r——2=_’0, r =0, r( )20,( H‘, )20- Pe-
WHM HEPABEHCTBO METOIOM WHTEPBAJIOB, AN 3TOrO HaHAEM HYIH YHC-

=
‘ -1 £+5
awtens v sHameHatens: 1=0,/=LF+i-1=0,1=—5—.

-
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-1 -+% 0 ~1++5 1 t
2 2

i nfl -1+v5
2

1< 0<i<

F 21,

Bo3ppaiwance k nepemMeHHO#H x, noayyaeM

-1-45 -1++3
Omeens; [0; 1073 ]U(];I : ]U[lﬂ;-hxa).

3.23. Pa3nnuHbie BMAbI HEPABEHCTB U UX pelueHusn’
log,(2x)log, , 2 &3

log, ;5.8

Peweriue: Haxonum obnacte onpeaeneHns HepaseHcTsa. Ouesua-
Ho,yTox > 0 W0, I125x # |, To ecTb x # 8.

[lepexoaum BO BCex norapudmax K OCHOBAHHIO 2:

IMpumep 1. PelunTte HepaseHCTBO

1
1 + log x)———
(178 logx - 1 I +logx logx-3 5
3 <h logx-1— 3 =L
1
Iog,_,{ix)
_ 1 +71-3 I-3+6£-3t-31+3
q Sﬂymlogzx—r.mmar_l —-—1=0, 3G-1) <0,
=Dt
3-n=Y
[Mpumensem MeTO] MHTEPBANOB
- + - +
0 T 5 1

1£0,1<t<5.
Bosspawasce « crapol HensBecTHoi, monyumm logx < 0,
l<logx<5u0<x<1,2<x<8,8<x<32

Omeem: (0; 1]U(2; 8)U(8: 32].
' B nanHplil pasaen BKAKMEHL! HepareHCcTBa, NonobHeie npeanarasiunMcs Ha EID
MK B AHATHOCTHYECKHX padoTax.
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Ipamep 2. Pewnre nepaseHcrso log,(7 - 61)-]032_% >1.
Pewenue: Haxoanm obnacts onpe,ue.r:éﬂm HepaBeHCTRa

7 —6x >0, 2
2-x>0, Pewennem cucTemsl apasercs (—x; I)U(l; E)
2-x#1.
log,(7 - 6x) 1
H3 ucxoaHOro HepaBeHCTBA HMeeM : i oz 2% > 1,
I{}gla i
log,(7 - 6x) .
T ey Y e N TR G
Tlog,(2 — %) = 1, log, (7-6x)2>2,log, (7-6x)>log, (2-x).
i
PaccMoTpuM 1Be CHTYALMH:
Dj2-x>1, x<l1,
T-6x=(2-x); x*+2x-3<0.
+ - +
-3 1 x

C yuetom o6aacTu onpeaenexmua noayuaem: [-3: 1).

a{0<2—xc1, l<x<2,
T—-6x<(2-x) II‘E—3|
x> 1.

IIIIIIIIIIIIIIIIII 7
| 716 2 y ek
Omeem: [-3: I)U(l;z].
[Ipamep 3. Pewunte HepaBeHCTBO w-‘" ]
log x> ~

'+

Pewenue: Haxoqum obnacts onpegeneHns HepaBeHCTBa, 1A Y€ro
PELLKM CHCTEMY:

x+6>0, x> -6,
x+6#1, x£-5,
xX—-4x>0, x<0,
log, x*#0; x>4.

x#+].

Ha xoopauuaTHoO# npamol Haxoaum oblee penieHHe CHCTEMBI.
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x € (—6; —5)U(-5; -1U(-1; 0)U(4; +wx).
Hexonnoe nepasencTso nepenuienm B Bune log (x* - 4x) = log, |xf’.
3aeck BHOBb PACCMATPHBAEM JBE CHCTEMBI:

> 1, 0<p<l,
x2—dx = x5 0<x*-4x<|xf.

Pewaem nepsyto cuctemy. [Nycts x = 0, Torma 3 nepBoro Hepase-
creax > | n—4x 20, x <0 — pelieHHit HeT.

Iycts x <0, Torna x <—1 u —4x > 0, x < 0. O6mee pelwenne x <-1.

C y4erom obnactu onpeaenenna nmeem: (—6; —5)U(-5; —1).

Pewaem Bropyio cHcremy. [leppoe HepaBeHCTBO HMEET pellieHHe
-1 <x<0,0<x<1, aBropoe HepaBeHCTBO X > 4. SICHO, YTO BTOpas CH-
CTema peLIeHHI He HMEeT.

Omeem: (—6; -5)U(=5; -1).

Ipumep 4. Pelunre HepaBeHCTBO !ogzix__lz + !-:ag;(;:x__l%3 <l
Pewenue: Tak kak D(log,) = R_, 10 3:_—12 > 0. Pewraem Hepapeu-
CTBO METON0M HHTEPBANOB.
+ i -
2/3 1 x

XE (—uc; %}U(l; +ac),

lNepenumem gaHHOEe HepaBeHCTBO, NMPHUMEHSA CBOIHCTBA Jora-
pumoB.

log|3x — 2| —log,lx — 1| +log Jx — 1 — log,|3x - 2| <1,

—log,lx = 1|+ 3log,|x - 1| <1, 2log Jx — 1] < 1, log |x - 1| <Iogz*«5,

=1 <V2, -2 <x—1<V2, 1-VZ<x<1+\2.

Haxonum obmee pernenne:
B ] 300 i e 3 33 33 3 3N S

Omeem: (1 -2 %]U(l; 1++2).
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97.

98.

100.

101.

102,

103.

104.

105.

3agauns 1795 CAMOCTOATE/ILHONO pelueHns.
Pewnte HEpABEHCTRA H CHCTEME] HEPABCHCTB.

IUE%(SI ; —3i- |.;-:) =-1+lgx.
Omeem: (0,1; 0,5).
1
Iog%(Z‘ e - g .,) > 1+ log, x.
A
Omsem: (77 ?]-

4 <927 + 22,
log,(x*—x-2)<1+lo -‘};_t%

Omeem: (2; log.11).
log . (x* +3x-10)>2.
Omeem: (11: +w).
Iogq,_w?..g |
log,.(-9x) = loqqlog.

Omsem: [-3: -2)U(-2. —I}U(—;—; ﬂ).

log 2x "log 2x°

< 40.
log, x-log, v

Omeem: (0; ;%_ U(*\‘.E: +ar).

log, -(x — 1) +log,  ,2x*<2.
Omeem: ( [})U(

Fosix + yhosr > 233,

logix+ 6= 5lug X
Omeem: (0 )um 4)U[8: +).

6 — 5x
|ng4x +3
Omsem. (0,5; 1).

=21 2




loﬁ. glg -+ .'I‘:|53 5%;
logix + Slog x +6> 0.
il YL L)
Omeem. (0, S]U( 4 Fig)

{34«---1 4 34 :_‘SU,

107. {jog, (45" = 3x + 1) >0,
I

log.24 3
Omeem: [—g-i—-, E]U(Z; +a0).
log (2¢%)log, x -

log (8x) -

| [kt 5 Bt
Omeem: (ﬁ; Z‘T_]U(E; I)U(I; 2_1'_].
109. (2x + Nlog,10 + log (4" - 0,1) <2x -~ 1.

Omsem: (0,5log,0,1; 0,5l0g,0,2].

10 {3""*’ + X <6,

108. l.

U xe < 100
Omeem: [;— 3]_
ﬁfﬁ%_:*j) =1,
Omeem: (—2; logj% .
1 1 1
log,(2x¥*—1) a log,x % log.x
Oma'??m: (1; +o0). ! ’

{x’logi‘r = log, x* — xlog x,

11

112.

113. 10

§+47> 3
Omeaem: [5; +oo),
114. log (7x* — x°) + log, _, (x* - 3x) = log ¢ \5 — x.
Omeem: (-2, -1)J(3; 15].



3apnanusa yposHa C4,
FEOMETPUYECKME 3AQAHUA
(NNAHUMETPMUA)

4.1. ®opMynbl NNOWAaAK TPEYronbHUKaA

Teopema. TInowaaes TpeyronbHWKa
paBHa MONOBWHE NMPOH3BEIEHHA BbICO-
Thl HA CTOPOHY, K KOTOpPO#i OHa mpose-
neHa.

1 |

S= Ea.h“ = %‘bhh e Ec-h-."

3ajaqu 198 CAMOCTOATE ILHOTO PelleHH.
1. Jau TpeyronbHuk, B koTopom @ = 6, b =8, h = 4. HaWinure: ¢, h,.

Omeem: V100 — 483 , 3.

2. B Tpeyronbhuke ABC AB =8, BC = Va3, £A4 = 30°. HaitauTe nno-
1aae TPEYrobHHKA.
Omgem: 14V3 ;243

IThowads mpeyzoibHuKka pasHa nonosuHe NPOUIBEOCHUA 08X
CMOPOH HA CHHYC Y2714 MENCOY HUMIL

1 LR "
8= Eﬂb-sm(_ = fac sinfB = 2.E;c' sinA.

3. B Tpeyronsuuke ABC AB = 4, AC = 6, nnomans pasna 6v3 . Haii-
aute BC, cosC.

= 2
Omeem: 277, —.
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IMrowads mpeyzonvrura MoxcHo Haxooums no Popmyram:
S=plp—aXp - b)p- o),

+b+
e p= aTbc'_ (Dopmyna I'epona)
_abe
S - 4R L]

e R — paanyc OnMCaHHOM OKOIO TPeyrobHUKAa OKPYXKHOCTH.

S=pr,

rae p — NOMyNepuMeTp TPeyroJibHHKa, ¥ — palliyc BIMCAHHOH B Tpey-
FO/IbHHK OKPY#HOCTH.

3ameyanue 1. 1leHTp onvcaHHOH OKONO TPEYTOMBLHHKA OKPYXHO-

CTH HAXOIMTCA Ha MepeceyeHHH CEPe/IMHHBIX MEeprneHIuKyNapoB K ero
CTOPOHAM.

3amevanue 2. LleHTp BHCaHHO B TPEYTONBHHK OKPYXKHOCTH Ha-

XOIHTCA Ha NepeceyeHHH GHCCeKTPUC Ero BHYTPEHHMX YIIIOB.

3anaum 119 CAMOCTOSTENLHOTO PeleHnst.

OcHoBanue paBHOGeIpeHHOTO TpeyrombHUKa pasHo 12, a paanyc
BITHCAHHOM OKpY)KHOCTH paBeH 3. Hailnwre miomaae Tpeyrons-
HHKA.

Omeem: 48.

B tpeyroneuuke ABC cosZ4 = 0,2, AB = 15, AC = 18. Haiinute
paanyc OKpyXHOCTH, Kacatowleiics npamex 4B u AC.

Omeem: 96 wm 26 .
Hau Tpeyronsmmk ABC. Touku M u H npunamnexat npsmoii BC,
npuYemM —gg = % AM — mennana AABC. Tlowanes TpeyronbHuka

AMH pasna 24. Haiigure nnomaas TpeyronsHuka ABC.
Omesem: 80 vnu 16.

Paccrosanue Mexay napaniensHBIMH TIpAMBIMH pasHo 24. Ha
O/IHOH W3 NMpAMBIX B38Ta Touka C, a Ha Ipyro# ToukH 4 u B Tak, yro
TpeyronbHuk A BC pasnoGenpennsiii ¢ Gokosoit ctoponoi 25. Haii-
OHUTE pafiHyC BNHCAHHOH B TPEYTOIBHUK OKPYKHOCTH.
Omeaen. 21 33
S
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4.2. HexoTopble CBOMCTBA TPEYrONbHMUKOB

l.

i = %A'M"h.
R %MC*I?.
Sy anut _AM
Sm;r' M
1.

AM = MC
S_‘L-Iﬂ.'lf = SMR.\N-

IIL

BM, AN, CP - wmenwansl Tpe-
yronsHuka ABC.
BO:OM=A40:0ON=C0O:0OP=

=2:1.
Spumt = Sae = Syon = Suon =
1
- SM“P - S;Jw* B E’SMFH "
Spion = Sy = Xysina.
]
S =5

BPON 37kt

3axa4m 18 CAMOCTOATEILHOI0 PEMIEHHNA.

8. Paccrosinue Mexay napannenbHsIMU paMbiMy paero 8. Ha oaHo#
W3 nNpsamMeix B3aTa Touka C, a Ha apyro#l Toukn A W B Tak, uto Tpe-
yroneHuk ABC' pasnobeapeHHbId M ocTpoyronbhelii ¢ OokoBo#
CTOpOHO#H, pasHoii 10. HaliguTe pagnyc OKpYxHOCTH, OMHCAHHOM
OKONO TpevronbHHka ABC.
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Hﬁ
5

Omeem: % Hi

Touka M nesxut Ha otpeske 4B. Ha okpyxhoctu ¢ anamerpom AB
B3aTa Touka C, ynaneHsas ot Touek A, M U B na paccroanua 20, 14,
15 coorBercTeenHo. Hailaure nnowane TpeyroasHuka BMC.

Omeem: 54 + 12313 wan 96 — 12V13.

4.3. Teopema CMHyCOB

a _ b ¢ _
sina  sinf  siny R

Teopema. CTOpPOHEI Tpeyro/ibHH-
Ka MpOMOPLMOHANEHEI CHHYcCaMm
NPOTHBOJIEKALUMX YIJIOB.

10.

12.

Puc. 5, Kadxicooe uz noayuennsix ommo-
WieHWil pasHo Juamempy onu-
CAHHOU OKONMO MPEyzoabHUKA
OKPYICHOCIU,

3ana4un A8 CAMOCTONTEILHOND PemeHns.

Buicorei BH u AL Tpeyronbhiuka ABC nepecekalorca B Touke O,
Hajinure orHoweHue paanycoB OKpYXHOCTEH, OITMCAHHBIX OKOJIO
TpeyronsHukoB ABC u ABO.

Omeem: 1.

B tpeyronsHuke ABC npopenena duccekrpuca AF. H3sectho, uto
ZA4 = 60°, ZB = 45°, Haiinute OTHOLLEHHE pagUyCOB OKPYXKHO-
cTeil, ONUCaHHBIX OKOO TPpeyroAbHUKoB ABF u AFC.

1+

P

B Tpeyronshuke ABC Guccektpuchl yrios A W B nepecekatorcs B
Touke O, ZC = 60° AB = 4. Halignure paguMyc OKpy>XHOCTH, OIH-
CaHHOH OKOJIO TpeyronbHuka A0B.

Omsem

4
Omeem: —.
V3
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13.

14,

15,

Hainure cunyc octporo yrna pomba ABCD, ecnu paamychl onu-
CaHHbIX OKONO TpeyronbHHKoB ABC u ABD oKpymHOCTe# paBHbI
COOTBETCTBEHHO 3 H 4.

Omeem: 35"

JlauHa cpeauei NHHHM TpaneuMy, BIMCaHHOMH B OKPYIKHOCTb, pas-
na 3V6. Junaronans TpaneuMu ¢ GOKOBOH CTOPOHOI M GoabLIKMM
ocHopaHuem obpasyer yrasl 15° n 30° coorsercrBenHo. Hailnure
pajiHyc OKPY#HOCTH.

Omeem: 6.

Oxkono Tpeyronbnuka ABC co cropoHamu 17 v 25 onucana OKpyx-
85
HOCTb paauyca —e. Ha ctopone AC B3aTa Toyka M Takas, 4tO

BM =241. Haiiaure nnowaae Tpeyronsnuka BMC.
Omeem: 90 wau 180.

4.4. TeopeMa KOCHHYCOB

Teopema. Keaapar aoboii ctopo-
HBEl TPEYroibHHKA PaBEH CyMMe
KBaApaToB ABVX APYTMX €ro cTo-
poH, 6e3 yaBOEHHOIO NpoM3Bene-
HHA 3THX CTOPOH HA KOCHHYC YIna
MEXKy HHMH.

16.

88

a = b+ ¢ = 2hccosa;
b’ =a - ¢ - 2accosf;
¢t =g + b - 2ab-cosy.

3aaa4um 415 CAMOCTONTEILHOIO PellleHH .
B tpeyroashuke ABC AB =7, BC = 13, AC = 15. Hakaure yron 4
M paaMyc ONHCAHHOM OKPY)KHOCTH OKONO 3TONO TPeyrofibHHKA.
Omeem. 60°: -l-i*

V3
B Tpeyronstinke ABC AB =4, BC =6, AC = 7. AM - menmnana. Haii-

JIMTE KBaapaT A/IMHBI MeAHaHbl AM.
Omeem: 23.5.



18.

19.

20.

21.

B tpeyronshnke ABC AB =5, BC =7, £A = 60°. Halinure miHHY
cTtopoHbl AC.
Omeem: 8.

B tpeyronstuk ABC, B xoropom AB = 6, BC = 4, AC = 8, nucana
OKPYKHOCTb, Kacaiomwasca cropod AB n AC B Toukax M u N. Haii-
nute yiMHy MN.

Omeem: 2.5.

Oxono tpeyronsunka ABC, B kotopom AB = 6, AC = 8, onucaHa
OKpYXHOCTb paauyca 5. Haiiaure nmmiy croponst BC.
Omesem: 10.

B tpeyroneinke ABC Ha cropone AC B3aTa Touka M Tak, 4To
AM =3, MC = 5. WU3sectHo, mAB=4a%{=2. Haiigure nno-

waas TpeyroasHuka 48C.
Omeem: 2Y39.

4.5. BnncaHHbIe 1 ONUCAHHBIE OKPYXXHOCTH

1. LleHTp onucaHHOH OKO/IO TPEYroNbHUKA OKPYKHOCTH HaXOAHTCA

Ha nepeceycHHH CepeaHHHbIX NnepneHgHKyNApoB K €ro CTOpoHaM.

2. LlenTp BiMCaHHON B TpPEYro/ibHHK OKPYKHOCTH HAaXOIHTCA Ha

nepeceyeHHH GHCCEKTPHC €ro BHYTPEHHHX YITIOB,

22,

23,

3amawn A8 CAMOCTONTEILHONO PeIIeHH.

B npamoyronsHom Tpeyronsiuke ABC karerst AB = 8, BC = 6. Ha
npamoi BC ormedena Touka K Tak, yro TpeyroneHuk ACK — pas-
HobGeapeHHblid. Halaume panuyc OKpy:KHOCTH, ONMHMCaHHOR OKoNO
Tpeyronsiuka ACK.

125 25
Omeem. 54 4,5\!‘5_.
B pasnobenpenHnlil TpeyronsHHK, ¢ ocHOBaHHeM 24 H GokoBoi
cropoHoii 20, enucana okpyxxocts. Hafinure nnnHy orpeska, 3a-
KIIOYEHHOIO MEXY JIBYMA CTOPOHAMH TPeyro/bHHKA, Napanieb-
HOIo TpeTheH CTOpPOHE H KacakLIEroca OKpYKHOCTH.
Omesem: 6.
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24. B paBHobenpeHHoM TpeyronbHuke Gokopas cropoHa pasHa 10,
a ocHoBanue pasHO |2. OKpPYAHOCTb ¢ LEHTPOM HAa CTOpOHE Tpe-
yrofibHHKA KacaeTcA OBYX Apyrux ero cropox. Haiiaumre panmyc
OKPYAHOCTH. a8

Omeem: 4,8 nau e
25. Croponn TpeyroabHuka ABC  Haxonatca B OTHOLUEHHH
AC:BC:AB=4:5: 6. [1poseaenbi BeicoTbl A n BM. B ueTbipex-
F ]M
yroasHuk AMHB BnucaHa okpy»kHocTh. HaidTh -3%
7
Omeent: 15
26. B okpyKHOCTbL BNHcaH paBHOOeaPEHHBIH TPEYTONLHHK C OCHOBA-
uueM 12 u Hokopoit ctoponoit 10. B obpalopasiumecs cerMeHTbl
BNMCAHbI OKPY)XHOCTH HanGonslwero paauvea. Haiiaute paauycel
3THX OKPYKHOCTEH.
Omeem: 1.25: 1.25: 2,25.

4.6. NapannenorpamMmm

[MapaniesorpamMm — 3TO 4eThIPEXYrOABHMK, ¥ KOTOPOrO NPOTHBO-
MO/NOKHbIE CTOPOHBI NONAPHO NAapalieNbHbl.

D C I. MycTe cTOpOHbLI Napaiane-
norpamMma pasHel @ M b, a BbI-
A COTbl, MPOBEICHHBIE K HHM,
h b paBHbl COOTBETCTBEHHO A M
h,toraaS=ah =bh,

o 2. S=absinf. rne amn b -
CTOPOHBbI NapajLie/orpamMma,
Puc. 7, a f/ — VIon MexKay HUMH.

3,8 %-d‘-dz-sincp. rae d, v d, — AMaroHanu napaiienorpamma,
a (@ — Yron MeK1y HHMH,

4. LA+ LB=£D+ £C=180°.

5. Cymma KBajparToB BceX AMAroHanei napajiienorpaMma pasHa
CyMMe KBaIPaToB BCeX ero CTopon: d, +d; = 2(a* + b?).
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3apaua. B napamnenorpamme ABCD AB = 2, BC = 3. Haltaure
nioaae 3TOro napannesiorpamma, eci anaroHans AC neprneHauky-
nspHa k otpeaky BE, rae E - cepenuna AD.

Puc. 8.

Pewenue: Tlycte T — Touka nepecedenus orpe3koB BE u AC u
nycte ZCBT = . ScHo, yro Torna ¥ LAET = a.

3ameTum, utro AE= 1,5, Jlanee umeem, uto BT= 3cosa, AT = 1,5sina.

[Tpumerum k TpeyronsHuky ABT Teopemy ITudaropa, nomyuum

9cos’a + Zsinza = 4, 36¢cos’a + 9(1 — cos’a) = 16, 27cos’a = 7, cosa =

7
= % Beicora BT tperonsuuka ABC paBha 3- Y3

Teneps HecnoxHO HalTH W AC.

f 20
AC=¢AB=—BT=+¢BG_BT==1J4—§ \o-3 - 3 a0

3 3
353
3
S = 245 = z%gﬁg = \35.
Omeem: 35.

3anxa4a 118 CAaMOCTOATEILHOIO pellieHH .

27. B napamaenorpamme ABCD cropona BC kacaercs OKpPYKHOCTH,
onucanHoH okono TpeyroasHuka ABD. Tlpavas CD nepecekaer
OKpYKHOCTE B To4ke P, MapecTHo, yto AB = 6, £4 = 30°. Halinu-
Te JAWHBI oTpe3koB AP u PD.

Omegem: 6 unm 12.
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4.7. Pom6

PoM6 — 310 napaniesorpaMm, Bce CTOPOHBI KOTOPOTO PaBHBL.

D c Ecau cropoHy pomba npuHsTh 3a a,
AMAroHanu — 3a d, w d,, a BenHuHHY
OCTpOTO YIJla — 3a ¢, BepHbl yTBEp#/e-
h HHS:
P = 4a (P — nepumeTp):
H S=ah (h - sricora pomba);
A M B 1 .
Puc. 9. ol e
S =a’sina.
D F C
M d, B pomb mMoxHO BOMCATL OKPYHKHOCTS.
Ee uentp - Touka nepecevyeHns auaro-
h 4, Halleid, a paanyc paBeH MOJIOBHHE Bbi-
v |
: coTel pomGa, TO ecTh ¥ = z—h.
I
A K B
Puc. 10.

3anaua 1. lnarosanu pomGa paeue 6 v 8. Halinure paawnyc okpyx-
HOCTH, BIIHCaHHO B pomBb.

Peuiernue: § = -;--dl d; § = %6-8 = 24. CropoHa pomba HaxonuT-

cf 12 TpeyronsHuka AOB (cm. puc. 10). AB = 5. § = 5h, caenosarensto,
5h=24,h=48,r=24.
Omeem: 2.4.

3anaua 2. B pomb, auaroHand kotoporo 6 w 8, BNHcaHa OoKpyX-
HOCTE. B yriiel povGa BriHcaHbl OKpYKHOCTH, KacaloLLHeCs CTOPOH poM-
6a u nannoit okpyxkroetH. Halinure panuycel okpy#HOCTEH.

Pewenue: Tlpw peweHWd npenuiayllei 3a1a4d HaLEIM, 4TO
F=OH=0P=24.

Ecnm okpysHocTe Briwcawa B yron DAB waw DCB, 1o, nonaras
OP= O H = x, 6ynem umets: A0, =40~ (O P+ PO)=4-x-24~=
= 1,6 —x (puc. 11).
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Puc. 11.
O|H| _AO, x

1,6 —-x
AAO H, ~ A4AOH, nostomy Of Ao;ﬂ= a 10,6(1.6-x)=
=x; 0,96 — 0,6x = x; 1,6x = 0,96; x = 0,6.
Ecnu paguyc okpyHOCTH, BIHcaHHol B yron ABC wiu ADC, obo-
y _06-y y 06-y
3HAUUM Hepe3 y, TO NPUXONNM K YPABHEHHIO 57 = ——3—= Grg ==~

»y=0,80,6-y),y+08=048; 1,8y=048; y= %
4

Omeem: 0,6 wn 5

3anaun 148 cCaMOCTORTEILHOTO pelIEHANA.

28. Cropona pomba ABCD paena 6, ZBAD = —3’5. Ha cropoune BC B3saTa

touka E Tak, yro CE = 2. Haiinute paccTogHue oT ToukH £ 1o Tou-
KH NiepeceueHHs auaronaneii pomba.
Omsem: 13.

29. Jlan pomG, cTopona koToporo pasHa 4, a octpeii yron 30°. Hadian-
Te paJlyc OKPYXHOCTH, MPoXo/fileii Yyepes JIBe cocelHHe BepILIH-
Hbl poMba 1 Kacalolleiics MPOTHBONMOIMKHOA cTOpoHEI poMba WK
ee MPOoIONKEHHS.
Omeem: 2.
Vkazanue: CoeIHHHTL TOYKY KacaHuA ¢ BepuiuHOH pomba, He co-
mepxaueil Touky kacawua. [Tonyuurca paeHoGeapeHHwIil Tpey-
rofibHHK, OKOJ0 KOTOPOTO OMMCaHa OKPYXKHOCTE.

30. Hatinure nnowmane pomba ABCD, ecnu paavychl OKpYXXHOCTeH,
OTMCaHHBIX 0K TpeyrobHWKOB ABC u ABD, pasuet 2 u 4.

256
Omeem: 25
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31. B pombe ABCD £A — octpwiil, sind = 0,6. Haiiaute otHoweHKe
panKyca OKpy>KHOCTH, BITUCAHHOI B TPeyrolbHUK, OrpaHHYeHHBIH
AMAroHansbio pomba 1 IByMS CTOPOHaMH pomda, K paaHycy OKpyx-
HOCTH. BriHcaHHoH B pom0b.

g — g(z . 1?5] o 5(2 - 3@)

4.8. Tpaneums

D C YeThipexyroabHHK, ¥ KOTOPOro J1Be CTo-
POHBI TApannejbHbl, a jBe ApYrHe He
napajiienbHel, HalbiBaeTca TpaneuwWei
(AB || DC, AD ¥ BC). MMapannensHele

= CTOPOHBI TpaneuWy Ha3bIBAIOTCA OCHO-

BaHUAMM TpaneuHd, a Hemnapameib-

A H B Hble — DOKOBLIMH CTOPOHAMH TpaneLHH.
Puc. 12. Jamerum, uto LA + LD = LB+ AC =

= 180°.
TTpuBeaem dopMyael u cBOHCTBA Tpaneumu:
1. Inowmans Tpaneuus paBHa NPOH3BEAEHHIO M0.1YCYMMBI 0CHOBA-

%-Dﬁ. rae DHIAB.

2. Taowane TpaneuHH paBHa MOJOBHHE MPOH3IBEACHHA AHaroHa-

HHI Ha BHICOTY (puc. 12): 8=

Nel Ha CHHYC YI1a MEATY HUMu: S = l'AGBD-sinABOC.

2
DC _DO _oc
3. (Puc. 12). ADOC ~ AAOB =2 E " 0B A0
4. (Puc. 12). S, = S, (nOKaxuTE camocTosTENBHO!).
5 Sam A0 _ 4B
Sy OC DC
6. Ecow M € 4D, AM = MD,
MKICB, 7o S__ . = MKCB.
Ha pucynxka 13 nerko sBuaethb, 4To
5TO TaK.

Puc. 13,



D C 7. Ecni B TpaneuMio MOXHO BMHCaTh
OKPY>KHOCTb, TO CYMMbl JUIHH MPOTHBO-
MOJOKHBIX CTOpOH paBHbl: AD + BC =

r =DC + AB.

r Ecnu ebicora Tpaneuuu h, a panuyc Briu-

1
CAHHOI OKPYKHOCTH r, TO 1 = -i-'h.

Puc. 14. 8. Tpaneuma HaszpiBaeTcA paBHOOeapeH-
HO#, ecnn ee Gokosbie pebpa paBHBI.
Vbl NPH OCHOBaHMKM paBHOGEIpeHHOMH
D C TpaneuMH pasHsl.

9. Ecnv TpanenMa BrHCaHa B OKpYX-
HOCTB, TO OHa paBHODeApeHHaR, TO eCThb
AD=BC. LA+ LC=£B+ £D = 180°

A
\—/ £ (kak CyMMa BNMCAHHBIX YITIOB).

Puc. 15,

3aaaua 1. Haiiimre naowaae onMcaHHo| OKONO OKPYAKHOCTH paB-
HoOepeHHOM Tpaneuns ¢ ocHoBaHHAMH 9 1 16.

D C
-
A H P B
Puc. 16.

Pewenue: DC =9, AB = 16, DH u CP - BbicOThI TpaneLmu, Torna
AH=PB= ]6.,'9 =3.5.
Tak Kak B Tpaneuuio BIIHCaHa OKPYKHOCTb, To 24D = BC + AB,

AD = 2 -; 16 .. 12,5. Y3 npamoyronsHoro Tpeyronsiuka ADH no Teope-

me [Mudparopa naxoaum DH: DH =(12,5-3,5X12,5+3,5)=V9-16 = 12.
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+
[lhomaas § = 9—2212 = 150.
Omaem: 150.

3anaua 2. [lnaronann AC n BD tpaneuun ABCD nepecekarorca B
Touke O. U3eectho, uto S, .. = 16, S,,,- = 9. Hallaure nnowaans Tpa-

MELIHH.

D C
o
A B
Puc. 17.
DC_|[S, ...
Pewenue: MMockonsky ADOC ~ AAOB (puc. 17), o= %= Sa:.uc =
_Jj9 _3 DC_oc_3 o
V 6 4" 4B 40 1
S
SHER =%=%s Sg =%! SM(}II_lz_Sﬂhﬁ
AN AACIL
Mra, S, =9+ 16+ 12+ 12 =49,
Omesem: 49.

3agaua 3. B tpaneunn ABCD ocuopanus BC = 49, AD = 100,
AB = CD = 35. OxpyxHOCTb, Kacatowasca npameix AD u AC. kacaercs
croporkl CD e Touke K. Halinure manHy otpeska CK.

Pewenue: 1o 3anaya ¢ ABYMA BapHAHTAMM PELUCHUHA,

B C

Puc. 18.



Crryaums 1.

Mycth OKpYAKHOCTH KacaercAa nuaronann AC B Touke M, AD —
B Touke N u Gokosoii cropors CD — B Touke K.

Haiinem muaroxans AC. [lposenem CH1AD n BP1AD.

ap=pp =100=9_51
H3 tpeyronsinka CHD naxoaum CH:

CH= {35: _ (22_1) _ W‘)GD - 2601 _ wjzggg.

AH = %] +49 = E?, H K3 NpAMOYroNsHOTO TpeyronbHuka ACH Ha-
xoaum AC ; =
AC? = 149 " 2299 =245m.AC _ JON5 =355,

2 4 4 2
Jlanee nycts CK = CM = x, Torna AM= AN =355 —x, KD=ND =
=35 —x. Tak kak AD = AN + ND, 10 35V5 — x + 35 —x = 100, 2x =
= 3545—65,I=NT_65.

Curyaunn 2.

A D N
Puc. 19.

Nycts CK = CM = x, Torna AM=35V5 + x, KD=ND =35 -xu
AN = 135 - x. Tak kak AM = AN, TO 118 HAXOXKAEHHA X MONY4aeM ypas-
135 - 355

5 :

0 35¥5-65  135-35V5
s 2 HIH 3 "

wenne: 35V5 +x=135-x,x=

Omeem




3anaua 4. B papdobeapeHHyH) TpaneuMio BIIHCAaHA OKPYXKHOCTb,
KOTOpasA TOYKOH KAacaHWA NefnT GOKOBYID CTOPOHY B OTHOLWIEHMM 2 : 3.
Yepes LeHTpP OKPYKHOCTH H BeplLUHHY TPaneLuHH NPOXOAHT npaMas, Ko-
TOopaa OTCEKAaeT OT TpaneuMH TpE_‘fl"D.l'thl‘lK. I{mcym HacTbh OT IMNOLwanH
Tpaneuuu COCTaBAAeT M101anb Tpey roIbHHKa?

Pewenue:
Cutyaums 1.
D P C
K N
: _/'I
A /M F H B
Puc. 20.

IMycts | vacte x. Toraa CN = PC = DP = DK = 2x, BN = FB =
=AK=AF =3x. DC = 4x, AB = 6.
3ametum. uto Beicota CH ana AMCB wn tpaneunn ABCD onna,

aBH= e 4 x, toraa FH = MF = 2x, nockoasky OF — cpeaHas nu-
Hua AMCH.
Hrak, MB=x+ 2x + 2x = 5X, 8., = %-Sx-f'hﬁ B ™ - -2- 6x-C'H=
Moo
=5xv-CH. & =5.
S%m'(r '?'
Curvauns 2.
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3aeck npaMas NMPOXoAUT Yepes BEPUIUHY A H LEHTP OKpyKHOCTH O.
Kaxk v B nepeoi cutyaunn, CK = MC = DM = DN = 2x, BK = BF =

= AF = AN = 3x. AF = 3x, DL = \24x = 2\6x (u3 AADL), OF = \6x, T.x.
OF =0,5DL.

Haxomum 40: 40 =62 + 9% = xV15;
OF _xV6 _[2 3
SiNZOAF = Od x\f_ 3 cosLOAF = 5
N DL _ 2V6x N‘ 1
singd = SIHZB—D—A—?— 5 08B = 3
Haiinem sinZAFPRB:

sin/APB = sin(180° — (LOAF + £B)) = sin(ZOAF + /B) =

2
5V5

=s8inZOAF-cosZB + cos LOAFsin£B = F : \F 2% 5\’_ g?
[Tpumennm k AAPB Teopemy cuHycoB:
6 2Y6 _
AB___ AP o, T 3 12xV6 55 _ 12x\15
sinZAPB sinZB* ©7  7\2 5 1\2 7
5V5
Syn= AP ABsinZPAB = 325 120415 ¢ 36“"(
S -4 6 = 10x*V6.
Suica _ 3636 | 18

32.

Sm.”P 7 loxve 35

1 18
Omesem: 3 HITH 35

3anauH A9 CAMOCTONTEILHOIO pelleHHs.

INnowazxe Tpeyroneuuka MKL paena 66. B TpeyroasHuk BnHca-
Ha OKpPYKHOCTB, Kacatowmascs cpegneid nuann NP || ML. Halioure
nawny MK, ecnu ML = 11.

Omsem: 20 unw 13,
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33.

34.

35.

36.

37T,

38.

39.

TMnowans Tpaneunn ABCD pasha 810. OcHosanue AD B 2 pasa
Gonbuie ocHosanua BC. Touka P — cepenvna cToponnt AD. Tlpa-
mble BP u CP nepecekator auaronanu AC' u BD cooTeeTcTBEHHO
B Toykax M n N. Haifiaure mnomans tpeyroneiuka MON, rae O -
TOuKa nepeceyenus auaronaneii AC u BD.

Omeem: 37.5.

B paBroGeapennoi Tpanewunu ABCD ocHoanuus AB = 64, DC = 36.
B Tpaneumio BrincaHa oKpyAKHOCTb, 4 TAKKE BIIUCAHA OKPYKHOCTD,
Kacarowascs [ByX CTOPOH Tpallelid H BIHCAHHON OKpPYXHOCTH.
Haiinure panuye BTopoi OKpYKHOCTH.

8
Omaem: 3 WITH 6,

Hana tpaneuns ABCD, B xotopoit AB =27, CD = 28, cosZBCD =
= —%Y Haiiaure AC.

Omeem: <724 wn 28.

OcHoBanus Tpaneunu pasist 7 1 11, a 6oxoeble cropoHbl — 3 H 5.
Haiaute nnowaae rpaneumu.
Omeem: 27,

B tpaneuun KLMN ocHoBanus pasHbi 12 1 36, a GOKOBEIE CTOPOHDI
KL v MN cooteercteenso 10 1 26. lNpoxomkenus GoOKOBBIX cTOpOH
nepecekarorca B Touke A. Haillnure pagwyc okpyKHOCTH, BriMCaH-
Ho# B TpeyronbHUK AKN.,

Omeaem: 2 wnn 6.

[Tnowaas Tpaneunu papsa 3, ocHoBauua — | w 2. Haiaure nio-
ajlb TPEYroIbHUKOB, Ha KOTOPbIE Tpareuus pasieneHa AnaroHa-
NAMM.

wl:_m
(RS

Omeem: 3l

B onmncaunoit okono OkpyKHOCTH paBHODOKOBOH TpaneuuH ocHo-
BaHWA OTHOCATCA Kak 3:5. M3 BepluvMHbl MEHBIIErD OCHOBAHWA
ofnyuleHa BhicoTa Ha Gonbiloe OCHOBaHWeE, Touka H — OCHOBaHHe
BeicOTHl. M3 Toukn H onyuweHn nepnewaukynsap HE na Gokosyro
CTOpOHY TpaneuH. B kakoMm oTHOLIEHHH Touka £ nenurt HokoRyio
cTopoHy?

Omeaem: 1:15 nanm 1:3.



40.

41,

42.

43,

Ilan papHoDenpeHHBI TpeyronkHHK ¢ GokoBo#i cTropoHol 4 M
yraom 120°, BHyTpu Hero pacnofioXkeHbl IBe paBHbIe KacalolHecs

. OKPY’KHOCTH, KaXIas H3 KOTOPBIX KacaeTcs JABYX CTOPOH TPeyrofib-

Huka. HaliTh paguyc okpy#HOCTH.

Omsem: \3 - 1, 3-2_\5

Vron C TpeyronsHuka ABC pasen 60°, D — otnnuHas ot 4 Touka
TiepeceucHHs OKPYKHOCTEH, MOCTpoeHHLIX Ha AB u AC kak Ha au-
amerpax. DB:DC = 2:3. Haiitu cosZA.

Omgem: 193, 193
MeEm. 63 * 625"

B tpeyronshuke ABC AB = BC = 10, AC = 12. Ha Guccexrpuce
AL xak Ha AMaMeTpe MOCTpPOeHa OKPYXKHOCTh, MPOXOAALIas yepes

onny w3 sepumi B w C. Halimure paguyc okpyKHOCTH.

P 25V17 15\97
Maem. —12 ,_]2 =

B tpeyronbHuke ABC AB= BC = 10, AC = 12. Ha npamoii, coztep-
*aueit Mmequany AM, s3sta Touka O Ttak, uyro AO paBHO paauycy
OMMCaHHOM okono TpeyroasHuka 4 BC oxpyxuoctd. Haliure wio-
waae TpeyroibHuxa BOC.

V150

Omsem: 2(24 - %}; 2(24 + ﬁ)'



3apaHus yposHsa C5.
3A0A4YUN C NAPAMETPAMMU

3ajauM C napaMeTpaMHM — OAWH W3 CambiX TPYIHBIX pa3jenos
UIKOJIBHOTO KYpCa MaTeMaTHKH. 3/1ech, KPOME HCMOIb30BAHUA onpee-
JIEHHBIX aNTOPHTMOB peLIeHWs ypaBHEHWH W HepaBeHCTB, IPHXONUTCS
OOIYMBIBATE, M0 KAKOMY TIPH3HAKY HYKHO pa3bUTe MHOKECTBO 3Haue-
HHI NapaMeTpa Ha KJIacchl, CIE/IHTL 34 TeM, YToObl YYecTs paiHuHbIe
HIOAHCHhI.

5.1. 3apgaum c MCnonb3oBaHUEM CBOWCTB
KBagpaTHOro TpexJyuneHa

Buipasenne susa ax” + bx + ¢, rie a # 0, Ha3bIBa€TCH KBAJPATHLIM
TpexunedoM. Ou uveeT aBa kopHa npu D > 0, oauH kopeHs (/1Ba pas-
HBIX) pu D = 0 1 He umeet kopue# npu D < 0.

Yreepacaenue 1. [{ng toro, urobwl keaaparHelii Tpexwien flx) =
= ax’ + bx + ¢ wviea 1Ba KOPHA, OAWH W3 KOTOPBIX MeHbILE &, a Ipyroi
Goneiue o, HeOOXOANMO W J1IOCTATOYHO, YTOOB! BBITIOTHANOCE HEpaBeH-
creo: a-fla) <0.

A YA

»
e
“H
o
\
QI—
/
s
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IIpumep 1. Hallaure Bce 3HayeHms napamerpa a, NpH KOTOPbIX
OJIHH KOPeHb YpaBHeHHA x* — (3a + 2)x + 2a — 1 = 0 Goaswe 1, a npyroi
MeHpwe .

Pewenue: Cornacho ymeepsicoenuto I, pelnaeM HepaBeHCTBO
f1)<0: 1-Ba+2)+2a-1<0,a>-2.

Omeent: (-2; +w).

Yreepxaenue 2. /Ins Toro, 4roOsl 00a KOPHA KBAIPATHOIO TPeX-
wiena fix) = ax’ + bx + ¢ Guuam Gonbiue ¢, HEOGXOAUMO M AOCTATOMHO

D=0.
BBIOIHEHWE YCA0BHE:  a-fla) > 0,
X, > a.
¥4 YA

Puc. 2.

Mpumep 2. HaliauTe Bce 3Ha4eHHUA NapaMeTpa a, NpH KoTopeix oba
KOpHS YpaBHeHHa x° — bax + 2 — 2a + 9a* = 0 6oasie 3,

Pewenue: Yenosue 3aauy BRITIONIHACTCS NPH BCEX 3HAYEHMAX MNa-
pameTpa, KOTOphIE YIOBNETBOPAIOT CHCTEME HEPABEHCTR (no ymseporc-
denuo 2).

903—24‘2&'-9‘?:20! a>1
;a-:’lgfﬁz-z-a*90->0,=>{9azﬁzoa+ >0~

a>],
a{‘){a-l){ —5)>0.

Otkyna a > %

. -I—-I——'
Omsem. (9 : +<x']_
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Yreepaxaenue 3. J[lna Toro, 4tobel 06a KOPHS KBAaJAPaTHOIO Tpex-
ynena flx) = ax + bx + ¢ GbLIM MeHBINE @, HEOOXONUMO H NOCTATOYHO
D=0,
Bbll0;1HEHHE ycrnoBui: {a-fa) > 0,
X, <a.
Mpuvep 3. [lpH KakuX 3HAYEHHAX M KOPHH YPaBHEHHA
(m+ 1)x* + 2x = 3m— 1 = 0 mensiue 1?
Pewenve: imeem cACTEMY HEPABEHCTB

1 +{m+ D3m+1)20, 3 +4m+2>0,
(m+ 1)A1)> 0. s - S 1X2 —2m) > 0,
1 el m+2}0

m+ 1 ) m+ 1 '

PelseHue 3Toi cMCTEMBI HE MpEACTARNAST TPYda. NOIY4aeM, YTO
m € (—1: 1). 3ameTnM, 41O B 33[a4e HE ONOBAPHBAETCA YMC/O KOPHe#
YPaBHEHHA. MOITOMY, paccMarpuBaa ciiy4ail, korna m + | =0, m = -1,
noiayuyaem x =-1 < |,

Omeem: [-1.1).

PaccmorpuM ewle o4HH U3 BO3MOKHBIX BAPHAHTOB peLlEeHUs 3aaa4
nonobHoro THNA,

Hpumep 4. [Ipy KakHX 3HaYEHHAX NapaMeTpa d KOPHH YpaBHEHUs
(a -2’ - 2ax + a + 3 = 0 meHsb1ue, yem 37

Peurenue: [lpyu a = 2 nonyyaem —4x + 5 =0, otkyaa x = % <3, 3ua-

uyMT, a = 2 YAOBJACTBOPAET YCIOBHIO 3a71a4H.

+
Iycts a # 2. [NpeoGpaiyeM ypaBHEHHE K BUAY f*‘%x + ng =0

2a +4:zr+3
X
a-2" a-2

H paccMoTpum rpaduk GyHkumu fx) = x* -
YCJIOBHE 33]1a4H MOKaKEM Ha PHCYHKE 3.

. I'padnyecku
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Janum aHaNHTHYECKOE onucaHHe YTOH Moaenu:

1)D =0 (unu % = 0, 370 He NPHHUMIIHANBHO);

2) f3)> 0

N %53

Pacundpyem ati ycnosua:
”E =6 —a,38a4uT 6 —a > 0;

o 2a .. .a+3 _4a—15
2)f3)=9-—53+

a-2 a-2"
a
Nx.= ;
¢ a-2 6-a=0,

4a-15

Taknm obpa3zom, nosyuyaem CHCTEMY HEPABEHCTE | g -2 0,

a

=3 3.

Pewuns ee, nonyvaem a < 2; -l:‘é <a<6.
Omeem: (—o0; 2)U{$; 6]_
Yreepxaeane 4. JIna toro, urobet of6a kopHa TpexuneHa

fix) = ax* + bx + ¢ x, ¥ x, npuHaanexann npomexytky (a; f)
(o < x, < x, <f), He0O6X0AHMO H JIOCTATOUHO BBINOIHEHHE YCIOBHIA:

D=0,
afa)>0,
afif)>0,
a<x,<pf.
TlpounniocTpHpyem JaHHOE YTREPHKIEHHE HA PHCYHKeE 4,
yA y

:\x- %, x/
|
Puc. 4.

a>0,fa)> 0= afla)>0. a<0,fa)<0=afa)>0.
a>0,AN>0=aff=>0. a<0,Af)<0=afp)>0.

=Y
~\:?1:
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AcuHo. yro npu D = 0 Bepiumna napabonsl pacno/loKeHa B TOUKE C
koopauHaramu (x; 0).

[pumep 5. [pu kaknx 3HaueHHAX NapaMeTpa a KOPHH VpaBHEHHA
(a— 1) + ax + ¢ — 4 = 0 pacnonoxeHst B npomexxyTke (-2; 2)?
Pewenue: CocTaBUM CHCTEMY HEPABEHCTB. CHMTad a # 1!
(3a- +20a- 1620,
—4(a-1)a-4)>0, (a—1)3a~-8)>0,
(4a-1)-2a+a-4)a-1)>0, [@-1XTa-8)>0,
(@a=1)dHa-1)+2a+a-4)>0, (34— f 0.
a . =

2= M;,o
2(a-1)
PelunM nepeoe HEpPaBeHCTBO CUCTEMBI:
5 10 + 2V13
3¢ -20a+ 16<0.D=100-48=52.a e T

10-2v13_ 10+2vV13
5 =* 3 F

Pelunnm BTOpOE HEpaBeHCTBO CHCTEMBI: a € (—! l)u[z +00]

Pelunm TpeTse HepaBeHCTBO CHCTEMBL: @ € (—x; | }U(l %* +cx:J

Peiinm yerseproe HepaBeHCTBO CHCTEMBI: @ € (=% I}U(l— +oe}

4
Pewuum nartoe HEPABEHCTRBO CHCTEMbI: @ E(—'-‘CI g]U( 1 . +I‘)+

2 10+2VI3

O6wee peiueHHe NATH HEPABEHCTB: d € (25. 3 ]
IMockonbky B yc10BUAX 3a1a4H HHYEO HE TOBOPHTCA O YHCIIE KOp-

Hell YpaBHEHHA, pacCMOTPHM CayHai, npu KOTOpom KOI(QPHUHEHT ne-

pea x* obpaiaeTca B HyJb, TOT4a YPABHEHHE CTAHOBHUTCA JIHHEHHBIM.

Ipua=1 x=3, 01HAKO ITO 3HAYEHHE HE BXOIMT B NPOMEXYTOK, 3a1aH-

HbIH YCIOBHEM 3a1a4H.

(2;_ 10 + 2V13

< b 3 3

Yreepxaeunne 5. /11a Toro, 4r06b1 MEHbLIMIA KOPEHD X, TPEX'WIEHA
fix) = ax® + bx + ¢ npuHanaexan npomeskyTky (a: f), a Gonblinii Kopets

106
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X, 3TOMY NIPOMEXKYTKY HE NPUHALNENKAT, HEOBXOMMO W 10CTATOYHO Bhi-

afla)=0,
MOMHEHHE YCITOBHIA: {aﬂﬁ) <0.

[TponnnocTpupyeM 5To yTBepkKIAEHHE HA PHCYHKE 5,
Vi v

:\rr ﬂ/ h A !
a\j/xi ’ 7"‘ '5”3\ }
|

Puc. 5.

a>0,fla)>0=afla)>0. a<0,fa)<0=afa)>0.
a>0,ff)<0=aff)<0. a<0,AB)>0=aff)<O0.

Tpamep 6. Peunuts ypasHenne V2ax—1 =x—1.
Pewenue: PewnviM 3anauy rpaduyeckd. Bripasum napameTp a ve-

_ G L T X -2x+2
pe3x: V2ax-1=x-1 & ] s o &% !
x21 x=1.

X—-2x+2
2x

Hcenenyem dyHkumio a(x) = Ha ofnacTv onpeneneHHs

x > 1 m nocTpoum ee rpadHk.

) = (21—2}1':2-: ol ! o .'c‘x—: 2. Dyuxkuua a(x) vMeer Ha
nyve [1; +o0) eqHHCTBEHHYIO KPHTHYECKYIO TOUKY X = V2.

N

' -
1 2 x

a'lx

Ha npomexytke [1; V2] dyHKLUA yORIBaET.
Ha npomexyTke [\2; +) (YHKLHA BO3pacTaerT.

_ _2-\2
x =2 ~ Touka maxcumyma; a(V2) = 5 =V2-1.
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o
i
=Y

Puc. 6.

W3 pucynka 6 BUIHO, 4T0 NpH @ = V2 — | YpaBHEHHEe WMeeT ONUH

KOpeHs X = 2. Tlpu v2-1<g< % YPaBHEHHE MMEET JIBa KOPHA, KOTO-

phi€ ABNAIOTCA KOPHAMH YpaBHenus x° — 2x(1 + a) + 2 =0. *)
x.,=l+axVNad+2a-1.

1.2

1
Tlpu a > 5 YPaBHEHHE MMEET OJHH KODEHb. KOTODBIH sBsIseTCs

66nbWHM KopHeM ypaBHeHHd (*), T.e.x= 1 +ta+Va' + 2a- 1.
ScHo, uto npH @ < V2 — | ypaBHeHHe KOpHeil He MMEeT.
Omeem: npu a <2 - | ypapHenHe KopHeil He HMeeT:

npu a= \E =] YpaBHECHHE HMEET OHH KOpPEHb X = \'E;

npu 2 - | <a < -;- ypaBHeHWe WMeeT JBa KOPHS

x,=1+atVa@+2a-1;

- 1
npu @ > 5 ypaBHEHHE HMEET OHH KOpPEHb

x=l+a+Vda +2a-1.
IMpumep 7. OnpeienwTh, NpH KAKWX 3HAYEHWAX @ YpaBHEHHE
2x? = 3x" — 36x + @ — 3 = 0 umeeT POBHO /1Ba KOPHA.
Pewenue. Tlepenuiuem WCXOAHOE YpaBHEHKE B BUAE g =—2x" + 3x° +
+ 36x + 3 u noctpoum rpadmik dyrkuM flx) =-2x" +3x* +36x + 3 =a.
Jns Toro yTo6E! HalTH YHCAO KopHe# ypaBHeHHS f{x) = g, yacTo GRiBaeT
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JAOCTATOMHO NPEACTABUTE CXeMaThueckui rpadmk dpyHkumn y = f(x), He
NPOBOAS MONHBIX HCCENOBAHMIA,

[lpy pewennn nauHoM 3ajauM 1OCTATOMHO HAWTH IKCTPEMYMBI
GYHKUMH W NPOMEXYTKH MOHOTOHHOCTH:

1. D(f) = R, nockonsKy dyHKUMS ABAAETCA MHOTOUMEHOM.

2. Haxonum npou3BoHylo QYHKUMH W KPHTHYECKME TOYKM M3
ypaeHenns f'(x) = 0, nockonmsky D{(f') = R.

fx)=—-6x"+6x+36;x*~x-6=0;x, =-2;x,=3.

3. OnpenenseM NPOMEXYTKH MOHOTOHHOCTH H SKCTPEMYMbI (PyHK-
uuu. Ha npomexytkax (—eo; =2]; [3; +90) dyHkuus yGbipaer, a Ha npoMe-
KyTke [-2; 3] dyHkumus Bo3pacTaer.

x = -2 — Touka MHHHUMYMa; f(-2) =41,

x = 3 — Touka makcumMyma; f(3) = 84.

Crpoum rpaduk dyskuun fix) = —2¢° + 3x? + 36x + 3 u Haxonum
TOYKM nepeceyeHus rpadrka 3Toi ¢yHKUHH ¢ npamoi y = a.

[TokaxkeM cXeMaTW4YHO pellieHHe Ha pUCYHKE 7.

f 1
Y1

+ 41
Puc. 7.

ScHo, YTo JaHHOE YpaBHEHHE HMEET POBHO IBa KOpHA: pu a =41
unpua=84,
Omeem: —41; 84,

Ipamep 8. Petnute HepaBeHcTBo |x] + [x —a] < 2.
Pewenue: Crpoum rpaduk dyHkumu y = [x| + [x — al. Ecin x =0, T0
¥y =|al, ecnn x = a, To y = |a. UMeem aBe Touku usnoma rpadmka: (0; a])

u (a; |al).
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TMycte a > 0, Touku wznoma (0; a) v (a; a). Torna npu x = 2a
¥ =3|a| = 3a: npu x = —q y = 3|-a| = 3|a| = 3a. Tlokaxem rpaduk dyHk-
UMM Ha pHCYHKe 8.

Mycts a < 0, Touku n3noma (0; —a) u (a; —a), Torna npu x = 2a
y=-3a;, npu x =—a y=-3a. [okaxeM rpapmk GyHKUMH Ha PHCYHKE 9,

ya v
3at —3aT
a-+ —2a+
a —a
20 a [0 a 24 % %0 & 0 % %
Puc. 8. Puc. 9.

[lpaman y = 2 napannensHa ocu Ox, TOrda O4YEBHIAHO, YTO MPH
|a| > 2 nepaBeHcTBO pelwleHns He WMeeT.

MMppa=2 xe[0;2)inpua=-2 xe [-2;0].

[lpu |a| < 2 pewienne NOMKHO YNOBRNETBOPATH ABOHHOMY Hepa-
BEHCTBY x, <X < x,, [1€ X, ONpeleNfercs U3 ypaBHeHHs —x — x + a = 2,
x, = 05a-2),a X, ONpedensieTcs M3 YPaBHEHHA X + X — a = 2,
x,=0,5(a + 2).

3ameuanue. [JaHHOe HEPABEHCTBO MOMKHO PEINUTL HHaue. 3anuiuem
eropBuiex—al<2 - | x-2<a-x<2-|lx+M-2<a<2+x-|x|.

Ecaux=0,702x-2<a=<2,ecnux <0,T0-2<a <2+ 2x. OueBusa-
HO,WT0-2<a<2.a=2+2x,x,=0,5(a-2),a=2 +2x..x,=0,5(a +2).
IMokaxem pewetrue Ha pucyrke 10.

yA
2_,, y=2
/’,///,d'f y =
7
]
-3 7“':”0 1 X2 X
~ 1
é‘z p==2
Puc. 10.
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x € [0.5(a - 2); 0,5(a + 2)].
Omeem: npu |l <2 x € [0,5(a - 2); 0,5(a + 2))];
npH |a| > 2 peluennii HeT.

5.2. 3apaum ¢ napaMmeTpomMm
C MCNONb30BaHMEM CBOMCTB BCEX (PYHKLIMA

Ilpumep 1. Haiinure Bce 3HaveHus m, npu KkoTopeix flix) = x* +
+ 3x* + 24|x — 2| + n nepecexaer ock abcumMce B ABYX pa3iH4HBIX TOMKAX,

Pewienue: HeoOXoouMo y3HaThb, NPH KAKHX 3HaYEHHIX m ypaBHe-
Hue x° + 3x7 + 24|x — 2| + m = 0 uMeeT poBHO 2 KOPHA.

IycTe y = m, Torpa y = —x* — 3x* - 24[x - 2.

PaccmoTpuMm aBe CHCTEMBL:

x=>2, x<2,

{y=—x‘—3f—24x+ 48; |v=-x"-3x"+24x-48.

Jina neppoif cMCTeMbl HaXOAHM NpPOM3BOOHYIO M KPHTHYeCKMe
TouKH QyHKUMH Wx): ¥ = -3x7 - 6x — 24, x* + 2x + 12=0, D <0 — xop-
Hell HeT.

l _ Ha npomexyTke [2; +o0) dyHKumA yObiBaeT.

Jlna BTopoii cHCTeMBl HAXOAHM MPOM3BOAHYIO H KPUTHYECKHE TOM-
kH dyskumn Wx): y =-3x-6x+24, X’ + 2x-8=0,x=-d uwamx=2,
Ha npomexyTtke (—o0; —4] dyHkims
yObiBaeT, a Ha orpeske [—4: 2] Boa-

'\\‘—_: / 2 -fc pactaer.
x =-4y

i _=-128. Ecnux =2, 10y =-20.

I'padux dyHKUMH nepecekaeT NpAMYIO B ABYX TOYKax NpH m =
=-128 um=-20.

Omeem: -128; -20.

- i

IIpumep 2. Haligure BCe 3HA4YeHHA @, MPH KOKAOM H3 KOTOPbLIX
MHOMECTBOM pelleHHd HepaBeHcTBa V5 —x + |[x + a| < 3 aBmserca o1-
pe3okK.
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Pewenue: HcxoHOe HEpaBeHCTBO PaBHOCH/ILHO HEpPaBeHCTBY
be+a <3-V5—x nm V5 —x —3 <x+a<3-\5-x, orkysa noayuya-
eM,ur0 V5 —x -3 -x<a<3-VS—x—x

Hanee ctpoum rpadmks dyuxumii: f(x) = Vs-x-3-x ufix) =
=3-V5—x-x

3ameTuM, uto 0bnacTeio onpeaeneHus KKA0H GYHKLIMK ABIfeT-

¢ HepaBeHCTBO X < 5,
Haxonnm woopaunatel Touek nepecedenus rpadukos  QyHk-

it VS —x -3 -x=3-V5-x-x,2¥5-x=6,V5-x=3,x=-4,
J(x)=4=f(x).

Puc. 11.

H3 pucyHka BuaHo, 4To peieHue 3anauu a € (-8; 4).
Omeem: (-8: 4).

Ipumep 3. [lpn xaxmx 3uaveHusx a ypaBuenwme 2a(x + 1) —
—|x+ 1] + 1 = 0 umeer ueTbipe pasiHUHBIX pelIeHHA?

Peutenue: Tak kak (x + 1) =|x + 1%, 10, 06o3nauus |x+ || =112 0,
nofly4uM ypaBHeuue 2ar -1+ 1 = 0.

Teneps Hano y3uaTh, MpH KAKHX 3HAYEHWAX @ YPaBHEHHE MMeeT
J1BA MOJOKHTENbHbIX KOPHA.

3ameTuM, yto a # 0.
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a>0, a<o,

£0)>0, A0) <0,

x,> 0, x,> 0.

H3 neporo n npagoro pucyHka nenaem BbiBOA, MTO HEOOXOOMMO M
D=0,

AOCTATOMHO BHIMOIHEHHE YCIOBHI: {aﬂﬂ) >0,
x,>0.
0

Jns ypaBHenns 2ar —t+1=0 HMBEM,“ ~-8a>0, )a <®
1 [a >0 a>0,

Omeem: [0; i)

Ilpumep 4'. Haiinure Bce 3HAa4eHHA @, NPH KaXIOM M3 KOTOPbIX

CyLIECTBYeT NpAMas, MepneHAHKyIApHas OCH OPAHHAT H HMeIOLIas
yeTHoe uncno obmmx Tovek ¢ rpadmuxom dynkumn fx) = (S5a + )x -

—(x=2)x-al.
Pewenue: Iyctb x —a > 0, x = a, Torna
Ax)=(5a+ x—(x—2)x—al ==+ (6a + 3)x - 2a. ()

I'padmk 10l Pynkunn — napabona, ee BeTBH HanpagneHbl BHH3 H

3
OChH CHMMeTpHH x = 3a + =.

2
Iycts Tenepe x — a < 0, x < a, B 3TOM CiTy4ae
fx)=x*+(4a—-1)x+2a. (2)
I'padmk 310#t dyHkumu — napabona ¢ BeTBAMH, HANPaBIEHHBIMH
BBepX, 1 OCbIO CHMMETPHH X = — 4a2- 1.

Yrobei npaman uMena ¢ rpadMkoM QYHKLHHA 4eTHOE YMCIO0 TO4EK
nepeceyeHus, HeobXoAHMO M 40CTaTOYHO, 4T06BI (yHKLHSA GbL1a He MO-
HOTOHHas, BoamoxkHas cutyauus wiobpaxeHa Ha pucyHke 13,

! 3ananue ET'D 2010 1.
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/

Puc. 13.

ABcumcca sepwintbl napaGoast (1) nonkxa Geite Goabiie a, a ab-
cuucca epliMtbl napabons! (2) gomkna GbITh MeHbLUE &.

Ja+ % >a, a> —%, 3
[Monyuaem cucremy: dire1 1 @ -7
=y <4 |a” g

Omeem: (— %; +:c]_

Mpuamep 5. Haliaute Bce 3HAYSHMA @, NMPH KAXAOM H3 KOTOPBIX
dyHkuma fx) =x* - 2|y — @°| — 4x umeeT xora Gbl O/IHY TOUKY MAKCHMYMA.

Pewenne:

Iyers x-a 20, x> 1orna ix) =x* - 2x + 24" - 4x =
=x? - 6x + 24°. [padmk npencrasaser coboit 4acTs Nnapabonbl, BETBH KO-
TOPO# Hanpag/ieHbl BBepX. AGcuMcca BepLUMHbI 3TOH napabonsl x = 3,

2D)Nyctbx-a <0, Tormafix) =x*+2x-2a -4x=x" - 2x - 24",
OT0 Toke rpadMk wacTH napabonsi, BETBH €€ HANPaBIeHLI BBEpX. a ab-
cliMcca BeplIHHbI napabo:ibi x = 1.

VA

A/
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M3 pHcyHka BHIHO, 4To QyHKUMA OyleT uMeTh XOTa Obl OHY TOY-
Ky MakcHMysa, ecii | <@* < 3,

DNa >1, 2)ar<3.
+ - + + - +
FIFFFTE T QITIETER T oITTE TR
-1 1 a -3 \3 a
Puc. 14.

Pewenne HepaBeHcTa a € (—V3; —1)U(1; \3).

B mxonasHOM Kypce MaTeMaTHKH He H3yuaeTca (opMyna paccTos-

HHA OT TOMKH [I0 NPAMOIt, XOTA ee NpUMeHeHHe olllerdyaer peleHHe He-
KOTOpBIX 3a/1a4 Ha NapaMeTpsl.

VA MycTs nana npamas ax + by +¢c=0
u Touka A(x; y,).
INMposoaum nepnenauxynap AH k
npaMo#, Toraa
lax, + by, + d

va© + b°

AH=d=

Puc, 15.

IIpamep 6. Haiignte Bce 3naueHHA @, NPH KDKAOM H3 KOTOPbIX CH-

(W =3y + (- 47 =4,
cTema {v T HMeeT pOBHO OIHO pellieHHe.
Pewenue.
I cayuaii. Tlyete x 2 0, Torna (x — 3)° + (¥ — 4) = 4 — yacTs OKpyX-
HOCTH C LeHTpoM B Touke ((3; 4) n paguyca 2.

¥ A

Puc. 16.
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Ou4eBHIHO, YTO PACcCTOSHHE OT UEHTPa OKPYKHOCTH 10 NpAMOH
PaBHO pajgMycy OKPYKHOCTW. YpaBHeHMe npamoi sanuiieM B BUIE:
_pH2el; d= Ba-4+2] _ |3a-2|; |3a:- " .
va© + 1 V@ + 17 Va' + |
Pewas 370 ypaBHeHWe Bo3BelleHWeM oOeHX vacTelt B KBaapat, no-
TyHaeM paBHOCHNIBHOE eMY YpaBHEHHE, NPH 3TOM MOMHUM, 41O |af* = &°

%—‘“;1;—}5=4,9¢£— 12a+4=4a+4.5¢=12.a=0na=

2
&
HJanee Heo0x01MMO BEINOAHWTE NPOBEPKY, 4TOOB! y2HATS, YAOBIET-

I =
BOPAKOT JIKH YCloBHIO 3anadm a =0 ua= 3

Ecan a = 0, To y = 2, 1 nepBoe ypaBHeHHe CHCTEMbI TIPHMET BHJ
(x| = 3)* + 4 = 4. Dro ypaBHeHHe UMEET Ba PElIEHNA W He YIOBNETBO-
PAET YCIOBHIO 3aa4M.

12
Ecma= 5> TO CHCTEMA MMEET €IMHCTBCHHOE PELICHHE, B HeM

NMpocHM YHTarens yOeauThC CaMOCTOATENBHO.,
2 cayyan. Tlyers x < 0, momyyaem cucTeMy YpaBHeHHii

(x+37 +(y-4F=4, ,_|B3a-2 _,

@-y+2=0; va@+1

Pewas 3to ypaeHenue, nonyumm a = () (He vioBneTBOpAET ycCIo-

12
BHIO 3a0auM) H g = — 3 HenocpencreenHas noAcTaHOBKa 3HAYEHUA
12
a= —? MOKA3LIBAET, HTO CHCTEMA HMEEeT eAHHCTREHHOE pELUEHHE.
Omeem: :i:ls—z‘

Pewium 3aaauy ¢ npuMeHeHHeM GOpMYnbl pacCTORHUS OT TOYKH JI0
npaMoH.
Ilpumep 7'. Haiiaure Bce 3HaueHus MapameTpa g, NpH KaXIoM H3

V(x—2ay + (y—a)y < J—]

x-2y=1

KOTOPBIX CHCTEMA HMECT peLUCHHE.

Pewenue: Tleppoe HEPaBEHCTBO CHCTEMBI 3a/laeT KPYT C LIEHTPOM
(2a; a) v paawyca 6"9"5-

! Janauwe w1 choprrka «END - 2012, Matesarika, THIIOBRIE JK3IaMEHALHOWHELE
paboruin.
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}:JI.

o7 x

Puc. 17.
Bropoe HepaBeHCTBO CHCTEMbI 3aTHLIEM B BHE y < %{x - 1). Ono

|
3a/1a€T YacTk NJIOCKOCTH, PAcToNioXKeHHO Hike NpAMOi y = é{x -1

M €e rpaHuLa — 3Ta npamas.
Cucrema WMeeT pellleHHe, ec/ii PacCTOSHHE OT LeHTpa Kpyra o
npamoii He 6onee pannyca (d < R).

Ra-2a-1_1 1 _ |d
d= " T ES 6\)'-’{‘11 > 6, otkyna a = 6 unu a <-6.

Omegem: (—w;, —6], [6; +x).

INpumep 8. Haiigure Bce 3HaYeHHs MapaMeTpa &, TPH KakKAOM

v-2x)2y-x) <0,
'\"(x +ap +(y-ay= |ﬂ'q—g| MMeeT poBHO 2 pe-

H3 KOTOPbIX CHCTEMA {
LIEHHA.

Pewenue: Tlepsoe HepaBeHCTBO 3ajaeT BEPTHKAIbHBIE YITIbl, H30-
OpaxkeHHble B IPAMOYroJibHOM cHcTeme koopauHar xOy.
I'padukom BTOPOro ypaBHEHHA CHCTEMbI ABIAETCH OKPYKHOCTE C

LIEHTpOM B Touke (—a; a) 1 paguyca R = L%ﬂ.

3ameTHM, 9T 06a rpadHKa CHMMETPHYHEI OTHOCHTENBHO TIPAMOH
¥ = —X, Ha KOTOPO# NEKHT LIEHTP OKPYKHOCTH.

Cucrema Gynet HMeTs pOBHO 2 pellieHHs TOI1a M TONIbKO Tora, Kor-
Aia paccTosHHE OT To4kH P 10 npamoii y = 2x GyneT paBHATBCA pauHycy
JaHHOH OKpYXHOCTH.

17



Y

Puc. 18.

Hz APOK uaxonum PK = PO-sin(%

2 ] . .
Toraa cosa = —E sing = —,_Sw HPK= ]a|~ﬁ*(sm%cnsu o cosg-sma =
N

+ a). rie tga = %

=2 \2\:5 \5] \-5
Hrax, 24 = ws W 310t = 3(a= 1], 90— (@ 1} = 0.
(3"_“*]}{3“*'“*1}:0,(201'I}(4u~l]=0.0‘r‘|cyjlaa=——%
=1

ua 7
Omaemn: a=—l,a=l

2 4

PaccMoTpuM apyroii BapHaHT pellieHHs, 1€ HCNoIb3yeTes (hopmy-
Jla pacCTOAHHA OT TOUKH 10 NpAMOH.

OueBHIHO, YTO OKPYKHOCTh J0/DKHA KacaThed NpsMblx 2y —x = 0
ux—-y=0

Henonesys gopmyny paccTosHHA OT TOMKH 10 NPSMOM, NMomyuum:

2a - 3la

pi=22-d_3ld

VR
-1
To yeaoeuio ﬂ%i -2 5 I. HO 3TO ypaBHeHUe YKe pelleHo paHee.
Y
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AnHanoruuso PH = ]:*?“}_T‘al_ = 3—\[%1 HoBxix pemueHuii HeT.

Msl npuBend [Ba BapHAHTA pelEHMS 3a[a4M, MEPBbIH BADHAHT
NPHHALIEHKHT COCTABHTENAM 3a/1a4H.

Ipumep 9. HaiiauTe Bee 3HaueHns napameTpa g, NPH KOKIOM H3
Bx—-y+2|=12,

KOTOPBIX CHCTEMA {{x_ 3af +(y+ay=3a+4

HMEET €IHHCTBCHHOE

pELIEHHE. 4
Pewenue: 3ametum, uto 3a+42>0,a > -3

Mpua= i BTOpOE ypaBHeHue npuHuMaer Bua (x +4F +(y —-;)z =

3
=0, crrlqmax=—4,yﬁg—.
[lpoBepum, yAOBNETBOPAET /M HalleHHaa napa (—4; —';'—) nepBoMy

HepaBEHCTBY CHCTEMBI.
Hmeem ‘—12 —% + 2i <121 l% < 12 - BepHOe HepaBeHCTBO, Cefo-

BATENBHO, A = —g‘ ABMNACTCA PELISHHEM CHCTEMBI.

[lycrs aanee a > ~-;-. [lepBoe HepaBeHCTBO CHCTEMBI NEPENHILEM B

Buae ~12<3x—-y+2<12, -14=3x<-y<10-3x, 3x-10<y<3x+14.

Puc. 19.
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Pewennem 3TOro HepaBeHCTBAa ABNAETCA NO0I0CA, 3AKIIOYEHHAA
MexIay NpAMbIMH ¥ =3x— 10 y =3x + 14,

Bropoe ypasHeuue cHCTeMbl MpeACTaBIseT OKPYKHOCThL C LIEH-
Tpom (3a; —a) U paanyca R = V3a + 4.

Yrolbl cHcTEMa MMeNa eHHCTBEHHOE pelleHHe. HeoDXx0aumMo (Ho
HE0CTaTOYHO). YTOOB! PACCTOAHME OT UEHTPa OKPY/KHOCTH 10 NPAMOIi
paBHAIOCHL paaHNCy.

Bocnons3zopasiuincek opmyoii paccTOAHMA OT TOMKH 0 NMPAMOIL,
nonyuYuMm:

pReta- 10 g 100 s, 106~ 200+ 10~

V10 V10
-3a-4=0.10¢°"-23a+6=0,0otkynaa=2ua=03.

a = 2 YA0BAETBOPAET YCIOBHIO 3a1a4H, a npu @ = 0,3 okpy:kHOCTD

Kacaetca npamoi v = 3x — 10, HaxoaACk BHY TPH NOJOCHL.

9a+a+ 14
2) L fl‘_li) = v3a+4, kopHH 3TOr0 ypaeHeuuma a = -13 u
v
a=-1.2. lpu 311x 3Hauenuax a Oyner Kacanue npamoi y = 3x + 14 puy-
TPH NOAOCHI.
Omeem: a=2.a= -;.

Hpumep 10'. Haiiaure Bce 3Ha4YeHMA @, NPH KaXI0M H3 KOTOPbIX

YpaBHeHHe E - 3[ = ax — 2 Ha npomexytre (0. +x) umeer Gonee aByx

KOpHei.
Pewenue. | cnocof. Beejem HOBOE HEH3BECTHOE. MONOKHB

%— 3= TOr1ax= % INockonsky mo ycnoeuio 3a1aum x > 0, to £ > -3,
[locne 3ameHs! HCXOZHOE YpaBHEHWE NPHMET BUA |f] = %-u — 2. Buipa-

Kaem avepedl: u = —Sl-{m +2)(t + 3).

Myers -3 <1 <0, Toraa a=§(2—-1)(r+ 3)=%{-:= _1+6).Tlpn 120
nogy4aem a = %{r: + 51+ 6).

B cucreme koopauuar (#, a) cTpoum rpadHk.
H3 pucynxa 20 puaHo, 4TO Npaman y = a nepecexaer rpaQuk B
Tpex pa3nuuHbix Toukax npu a € (1,2; 1,25), a no3tomy ypaeHeHue

' 3ananue yposus C3, npeanarasineecs Ha EI™ 2012 s C1aspononsckom Kpae.
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= ; + %3 ‘@ — 2, 8 3HAYHT H HCXOJHOE YPABHEHHE HMEET TPH KOPHA NPH
HaHNeHHBIX 3HAYEHHAX 4.
aa

- 1,25

=Y

Omeem: (1,2; 1,25).

2 cnocob. [lo ycnoemio 3anayn x > 0, Beipaxaem a yepes x: a =

lzjh— Tak Kkak |-p| = {pl,ma—-lx—sl-ﬁ- . Ctpoum rpadux no-

Ny4eHHOH DYHKLHH.

Mycts 0 <x Si, TOrpa a = S;x'

Paccmorpum dyrkumio fx) = = X tnex > 0.

—x* - 2x(5 - - IOx x—10 5
fx) = x*( x) ¥ o= _npuo<xg_.3.f’(x)<l}
H QyHKLUMA yOBIBAET HA HHTEpBane [0: %)

5 5x -5
[lycts nanee x 2 3, T0M12 @ = —5—

3
5r+ll1x _=5(x-2)

yers gx) = 25, ) = %
| NG -,
0] i3 2 x

Puc. 21.
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B Touke x = 2 yHKUMA HMEET MAKCHMYM, paBHbiit 1,25. Ha otpes-
Ke [%, 2] (byHKUMA BOIPACTAET, @ Ha MpoMexyTKe [2; +x) PyHKuma yOui-
paetT. Ctponm rpaduk dyHKumMn B cHCTEME (4, X).

ah

|
0 5/3

I
I
1
2
Puc. 22,

H3 pucynka 22 BuaHo, 4To npaMas y = a nepecexaet rpaduk dyHK-
UMM B TPEX pa3NH4HbIX TOUKax npu a € (1.2; 1,25).
Omeen: (1.2: 1.25).

- Ix-5] 2
3 cnocod. [lo yenoeuto x > (), a Tak Kak a = J—-—[ ¥ = Toa>0.

=

Hexoanoe vpaBHeHHe 3anuiueM B Buae ax- — 2x = [3x — 5|,

nymn«c.rgg.mmaaﬁn—s:u. ()

byvaem cyutaTh. 4TO NoAy4eHHOE ypaBHeHue npu ¢ > 0 uMeer nea
KOpPHA, NPHHALNEKALLHE TPOMEKYTKY (U; >

E.
,
ol\_/;s_ "
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M3 pucynka 23 Buano, 4ro s yrkumu fx) = ax® + x — 5 Heobxo-
D>0,

AMMO W JI0CTaTOuHO Bhinoanerwe ycrosuii 4/0) > 0,

5)”’*

[Tycts x, — abcuncca epmmnbl napabonel, rae 0 < x, < ;ﬂ

M3 BTOpOro HepareHCTBa CHCTEMBI HMeeM, 4To —5 > 0, yTo Herep-
HO, a 3Ha4YHT, CHCTEMAa HEe HMEeT peLLEHHMS.
CnenosarenkHo, ypaeHeHue (1) MOXKET HMETH TONILKO OAHH KOPEHB

Ha NPOMEXYTKe (U; g—] DTOT KOPEHb X = _l+2— .|;+2.a_

-1+V1+2a
2a

-3 +3V1 +2a<10a;3V1 +2a < 10a +3.

TMocne Bo3eenenns obenx yacteli nocneaHero HepaBeHCTBA B KBaJpaT
MOTy4YaeM eMy paBHOCHIEHOE HepaBeHcTBO: 9 + 184 < 100a° + 60a + 9;
100a’ + 424 = 0, uto ouepuano npu ¢ > 0,

~1+V1+2a_5

Jlerxo BUETH, YTO > 0. Tlokaskem, 41O 5 =5

Teneps mycTs x > g, Torpa ax’ — 5x +5=0. (2)
YroObl BBINOAHANOCE ycloBHe 3anaud, ypaeHewue (2) obszano

HMETD 1B KOPHA, YAOBICTBOPAKOLUHE YCIOBHIO X = E

3
>\\_//§

Puc. 24.

¥4

Jng s10ro HeoOXOOWMO W AOCTATOMHO BHIMOAHEHWE YCJIOBHIA:
D>0,

70 mogo-ac
3 : » roe fix) = ax* — 5x + 5 (x, — abcumcca BepuHHbI napabonsl).
Xo> 5

3
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=25-20a>0.a<1,25.
25 25 25, 10 0.9
f[ )= e 520 Fa> P a> =12
- -
xﬂ_E>§‘ 2a<3, a<,5.
Jlerko BHOeThb, YTo obulee pewieHne cucTembl (1.2: 1,25),
Omesem: (1,2: 1.25).

4 cnocob. Tax kak x > 0, TO HCXOIHOE YPaBHEHHE MOXKHO 3aIHCaThH
B BHae [3x — 5| + 2x = ax’. Crpoum rpadukn v = 3x — 5| + 2x u y = ax’,
rae a > 0.

v A
5
1073} ------- 4
0 53 -4
Puc. 25.

5 5
y=Px-5+2x {0<¥2p ¥
o+ 5 |p=Sz=5.

Yrobut ypasHenue |3x — 5| + 2x = ax® ume1o Tpu kopHs, napabona
JIOJKHA Nepeceub W 0TPe30K M y4. 3HayuT, napabona NnpoxoauT Yepes

mHK)'A(S m)a:r Sx+5=0,D=25-20a20.a<3=125.

=3x-5| + .Tomam 425_a=mi_§=|2 3TO Hau-
3 9 325 5

MeHbLLee 3HAYEHHE da.
Omeen: (1,2: 1,25).

5 cnocob. Panee mbi nokasanu, 4yto a > (. Tlpwu x 2% HCXOAHOE
YpaBHEHHE paBHOCH.TLHO YpaBHEHHIO e - 3)_ —(ax-2y=
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E—ax— l](§+ax—5)=0,(m*‘+x—5){ax“—5x+5}=[},mxyﬂa

a*+x-5=0uwmax*-5x+5=0.
BriscHMM, NMpH KakMX 3HaueHHAX ¢ > ( mocnenHWe ypaBHEHHS

2
HMEIOT KOpHH, YIOBINETBOPAIOLIHE HEPABEHCTBY X = =

1. @® + x — 5 = 0. KopHu 3TOr0 ypaBHEHHs X =%+—2—Oﬂ.
O4eBHAHO, 9TO OTPHUATENBHEIN KOPEHb HE paccMaTpHBaeTca, a JUA
V25 +20a-1 _ 2
TONIOKHTENBHOrO KOPHA NOMYYHM HEpABEHCTBO — —» — — 2 p
25+20a=25na=0. ;
_ + i
2. ax’ - 5x + 5= 0 uMeeT KOpHH X = 3t Ve Zﬂa, 34425 - Aa 2
2a 2a
> ﬁ—, V25 - 20a = -1 — HepaBeHcTBO BepHO npH a < 1,25.

Hanee 5—-—255&:& 2%, V25 — 20a < | — HepaBeHCTBO BEPHO MpH
az1,2. ObbeauHas NonyyeHHbIe pe3yNbTaThl, MOTY4YHM OTBET.
Omeem: (1,2; 1,25).

3amevanus. Bocnoneiyemcs rpaduueckoii MIUHOCTpaLeii K 3aja4e.
Vi |. BbiACHHM, MOXET IH YypaBHEHHE
ax® + x — 5 = () uMeTb ABAa KOpPHA, YO0~

BJIETBOPAIOUIHX HEPABEHCTBY X = %.
- Jns dpyuxumm fix) = ax® + x — 5 umeem

¥ - D=0,
0| 2a \/ * 2\, o
CHCTEMY /1= » HO MOcHeqHee Hepa-
Pnc. 26. 2
x >
YA 0 g
BEHCTBO CHCTEMBI HEBEPHOE, TTOCKONBKY

1 oyl
~%5 > 7 HE BHMNONKAETCA Nph @ > 0.

2a
2/a CrienoBaTensHoO, OJMH KOpPEHb [O/KEH
L 2 2
0 i \L_/::rz x  GbIms Gonbie S8 ,[;pymﬁﬁmemme ~amo
Puc. 27. ammmmecnuf(;)sn,a—ssn,azl,z
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3

2. Onpeaenum, Npy Kakux 3Ha4€HHAX a

a 25-20a>0,

2
uMeTS peienne cuctema ./ (;] >0,

252

2a a
IMoayuaem 1,2 < g < 1,25, 4T0 YIOBNETBOPAET H PACCYKICHHAM JUTA

ypasHeHue ax® — Sx + 5 = 0 umeer aBa
-
KOpHA, Donbiue, ueM 3_
ll X, X, W3 pucynka 28 BuiaHoO, 4TO [ONKHA
\/ x

Puc. 28,

MepBOro YpaBHEHHA.

126

Omeem: (1,2;1,25).

3agaun 119 CAMOCTONTEILHOIO Pelnenns.
[Tpu Kakux 3HaYeHUNX a ypasHenue |x° — 2x - 3| - 2a=|x —a| - 1
HMEET POBHO TPH KopHA?

25
Omeen:. D’Ti'
[lpu kakuX 3HaUEHWAX g ypaBHEHNME |x + a°| = |a + X°| UMeeT poBHO
TPpH KopHa?

Omeem: =l -Z: \’iz.

Haiinute Bce 3HaueHHa nmapaMeTpa @, NpH KamaoM W3 KOTOPBIX
HauMeHbluee 3HaueHHe dyHkmu fix) = 4x° + 4dax + & — 2a + 2 Ha
MHoxecTBe | < |x| <3 He MeHsbLue 6.

Omeem: [-6; 0].

HﬂﬁﬂHTE BCC 3HAYCHHA 4, NPH KaxaoMm H3 KOTOPBIX CHCTeMa
{f + (da+ 5y +3a°+5a<0,

: h HMEET pelleHHe,
x ~a =25 P

Omeem: (—éﬂj—-f: —3); (0; %}

Yrazanue: Paznoxure JIEBYHO YacTeE HEPpaABREHCTEA HA MHOXKHTEITH H
H3obpasuTe B cucTeMe (x, a) ee pewuedne. Bropoe ypasHenue cu-
cTembl 3ai1aeT xpyT ¢ uentpom (0; 0) u pamiycom 5.

[1pH kakux 1HaveHHsx g ypasHenue ([x— 2| —a—4 ) u+ 6+ x —4x)=0
MMEET POBHO TPH Pa3NIHUHBIX KOpHSA?
Omeem.: —4; =2,



10.

11.

12.

IlpH kakux 3Ha4eHUAX a ypaBHeHue |x° — 5|x|| = a(x + 4) umeer poe-
HO TpH KOpHA?
25 .05
6" 26
Ilpx kakom HauOoNkLIEM 3HAYEHHH NApaMETpa @ CHCTEMA YPaBHe-

HHil {(x TAF + =, eer OIHO pewenue?

Omeem.

i+ b =4

Omesem: 64,

[Ip# KaKux 3Ha4eHUAX a > 0 HepapeHCTBO X° + ax — @& + 1 < 0 Bbi-
nonuHserca Ana peex x < 1?7
Omeem: (-1; 2).

Haiigure Bece a > 0, npy koTopbix ana moGoro 4ucia U3 oTpesxa
[-3; 3] repHo HepaBeHcTBO |[2x + ajx] = 13| = 1.

Omeem. a < (0; 2].

Haiigure Bce 3Ha4eHHnd napaMeTpa 4, MpH KaKI0M H3 KOTOPBIX He-

paBeHcTBO x° + 2|x — @| > @ cripaBe/IMBO NPH 1H060M 3HAYEHHH X.
Omeem. [-1;1].

[MpH Kakux 3HA4YEHWSX nMapameTpa a ypaBHenue |x| + }%{ =g
MMeeT POBHO 3 KOpHs? Sk

Omegem: 2.
Vkazanue: Ecnv x, — KOpeHb IJaHHOTO yPaBHEHUA, TO X, # % Voenu-

x4 1

TECh, YTO X, = TAKIKE ABNACTCH pELICHHEM JAHHOID ypaBHe-

Ha . Pt £ Y
HuA. HHpIMH ClOBaMM, BEPHO PaBeHCTEO |x | =

3x,- 11 B3x, -1l
+ x,. Yrobpl ypaBueHue umesno 3 KOpHs, HE0OX0AMMO, 4TOOBI YMC-
J10 peleHHii GbLT0 HEYETHBIM M 0HO W3 HHX ObLTO KOPHEM ypaBHe-

x+1 —
HHA X = 2, OTKyna x = lnx= -3 DTHM 3Ha4EHHAM COOTBCT-

CIByOTa=2Ha= % [anee cneayer npoeepka.

Haiinure Bce 3HaYeHHA napameTpa a, fpH Kax/aoM H3 KOTOPBIX CH-

o {x’+2x—a50,

HMeEET eIHHCTBEHHOE LUEHHE.
P by 60 PE
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14,

i5.

16'.

i7.

18.

Vkazanue. B KaX10M M3 HEPABEHCTB BLIPA3HTD d YE€PE3 X H NOCTpO-
uTh rpaduxu napabon, NONyUYEHHLIX B NPaBLIX 4acTax.
Omgem: a=-1,a=0.

HaiiauTe Bee 3HaueHHs nmapaMeTpa 4, NpH KawaoM H3 KOTOpbIX Hepa-
BEHCTBO 3 — |x — ¢ > x* uMeeT XoTa Obl 0JHO OTPHLIATENBHOE peLleHHe.
Omeem: (-3,25:3).

Haianre Bce 3HayeHMA 4, NPHM KaXIOM H3 KOTOPbIX YpaBHEHHE
V1 = 2x = a - 5|x|umeer Gonee AByX KOpHE#.

Vikazanue. [Noctpoiitre rpadux ynrumun fla) = VI - 2x + 5x].
Omeem: [2,5;2.6).

Haitaure Bce 3HAYeHHA napaMeTpa d, NPH KOTOPLIX CYLUECTBYET
€1HHCTBEHHOE X, YAOBIETBOPAIOLLEE YCIOBHAM:

sinzx = 0.

(2x+ 14a° = THdx - 4a* - 15) =< 0.
Vkazanue. Ucnoabiyiire rpaduueckuii METON B CUCTEME KOOPIK-
HaT (a, x).

Omeem: — l.

2 4 14] [\’" 2)
Haiiaunre Bee 3HaUYEHHA NapaMeTpa g, NPH KKIOM W3 KOTOPBIX Hau-
MeHbLee 3HaueHHe yukumu f{x) = 2ax + |x* — 8x + 7| 6onabie 1.

Omeem: l~21—, 4+ \E)

Haiaure Bce 3HayeHMs NapamMeTpa a. MpPH KAKIOM HX KOTOPBIX
HaMMeHbluee 3HaveHHe QyHKIHMH fx) = ax + |v° — 4x + 3| Goabwe 1.

Omeem: (1: 4 + 2‘5).

Ipy Kakux 3HAYEHMAX MApaMeTpa a HEPaBEHCTBO X° — |x — af —
—|x = 1| + 3 = 0 BLinonHseTcs npu seex x?

Vikazanue. HammeHbilee 3HauyeHWe (YHKUHH, PACMNONOKEHHOH B
NIeBOH 4aCTH HepaBEeHCTBA, JOCTHIAETCA B TOYKAX HI/IOMA, a TAKKE
B rpadukax abcumce BepuiMH pasaxyHbIX Napabon, nonyyaoumx-
CA [IPH PACKPLITHK MOdyAd, T.€. B Toukax |; —1; 0: . Janee noay-

4-11-az0,
. J2-|1+4 20,
ACM CHCTEMY HEPABEHCTB: 15 0~ o

+3=-la-=-1|>
Omeem: [-2;1]. wtd=ig=lzd:

' Janaune u3 femopepcun 2012 rona.



19.

20.

21.

22.

23,

24,

23,

TIpH kaKkux 3HaYeHUAX MapaMeTpa @ HepaBeHCTBO x° + x + |x —a| +

+ % < 0 umeeT xoTa O8I OgHO peineHne?

2 1
Omeem. -3 <as -3
[Ipn KaKHX NOJOKHTENBHBIX 3HAYEHWAX MapaMmeTpa g ypaBHeHHe
|+ ax — & = 2a + 1 nmeert 4 KopHa?
Omeem. Tlpna> 2.

Ilpy KAKHX NONOKMTENBHBIX 3HAYEHHAX MapaMeTpa g ypaBHEHHE
Ix — 2a] + |2x — a| = a + 2 umeeT oAMH KopeHb?
Omeem: 4.

Ipy Kakux 3HAYEHMAX NApaMeTpa g ypaenenue |2|x| — a®| = 3x-a

5
HMeeT TPH KopHA? HaiauTe 3TH KOPHH.
SO T T
Omeem: llpna 3 x o' 117 63
=-d ya.2l.0: 2
[lpu a= g ¥ 65’“’35'
[pu kakux 3HaYeHHAX Mapamerpa a ypasHenue |2x + 3| = alx — 1|
MMEET OAMH KOpeHb?
Omeem: a=0, a=2.

Pemmre nepaBeHcTBo [2x +a| <x + 2.
Omsem: Ilpua>4 pewenHii HeT;
nppa=4 x=-2;

nppa<4 xe [-%(a+2};2-a.

HaiinuTe Bee 3HaueHUs napameTpa d, NpH K&KA0M M3 KOTOPLIX rpa-
dux dysximm fx) = X -

MeHee NByxX o0LMX Toyek ¢ ockio abeumce.
Omeem: a  [2V15 - 8; 0],

sz—ax—?ram&erﬂam'peam [-1;3] ne
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3anaHuna ypoeHa C6

He cywecTByeT onpejeneHHbIX aMrOpUTMOB. KOTOPBIE MO3BONAIH
6Bl HaYyuMTB peluarTh 3aga4n ypoHa C6. [lna pewenus 3anaHuil yposHs
C6 neoOxoaumel 001Uan BLICOKAA MATEMATHYECKaA Ky 1bTYPa, CMEKAKA,
HaBbIK PELUEHHA CAOKHBIX 3a1a4.

Ipamep 1. MokHO 11 DPHBECTH NIPUMEP NATH PA3IHYHBIX YHCE],
npox3BeaeHHe KoTopeix paeHo 1008 n

a) nATh;

6) ueThipe;

B) TpH

M3 HHX 00pa3yloT reoMeTpHUecKylO nporpeccHio?

Pewenue: a) [lvets b, b g, b q*, b,¢’. b g' — nate paznuuubix Ha-
TYpaibHbIX 4ucell. 00palylouMx reOMETpHYECKYIO NIPOrpeccHio, Torla
bg’ = 1008, (b ¢°) = 1008 = 2-3*7 — paBeHCTBO HEBOIMOKHOE, NPHMED
HaTypalbHLIX YHCET NPHBECTH HENb3A,

6) lvets b, b g. b,q°, b,g°, a — yeTvipe uncna, yIoBIeTBOPAIOLMX
BTOpOMY YC0BHIO 3aaa4H, Torna b »¢>a = 1008 = 237,

(b*¢°y-a= 1008 = 2*-3%-7. ECTecTBeHHO, 31€Cb MOKHO MONOKHTE
a=17,1oraa (b ¢y = 23" u b *¢' = 2>3, HO NpM HATYPaNbHBIX 3HaYe-
HHAX b, ¥ ¢ paBencTso HeBo3moXHO. (Eciu b° = 2°, Toraa ¢° = 3 — we-
BO3MOMHOE PABEHCTBO B HATYpPA/IbHbIX YHCIAX.)

) Ilyers b, b g, b ¢°, a, b — naTE 4ucen, yI0BNETBOPAIOLMX Tpe-
ThbeMy YC/IOBHIO 3atauu. Toraa b ¢’ -ah = 237 = 2%2:3%7.

3neck Moxuno nonoxmts b g =2 (b, =1, g =2), Torna s kauectse a,
b MoxcHO B34TH yncna 29 =18 u 7.

Omeem: 1,2,4:7,18.

x*+4x-1 1-x

IT . ., -
pamep 2. [lpH KakHx 3HaYeHHAX X oba 4yKcaa 5" T,

LieJTbie uMcaa?

l-x
Pewenue; Tlyctb T = n, rje " — UeNIoe YHCio.

Boipaxaem x wepesm: | —x=n+nx,x(1 +n)=1-n,x=
KO BHIETh, YTo X # —1).
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3aMenuM x B nepeoit apodu:

1=nf, d=n
(l+n)+4!+n Lm0 -my = tnp
A _glon_s M=m=&i=m)=S( *n
1+n l+n

_ -2+ m+4-4—1-2n-n _Anr-4dn+4 _
T—1dn t 1M -6+ 6 —5— 10n—5n° 87 —24n—4

_—w-n+1
-6n-1"

IMomyueHHas apoGe foiXHA MPHHHMATE Liebie 3HAYEHWA, 4 9TO
BO3MOMKHO, Korna—1° —n+ 1 =2n*—6n—1,3n* - 5n—2 < 0. Ilocnennee

HepaBeHCTBO pelllaeM MeTolIoM WHTepeaios: D=25+24 =49, n= Sﬁi?;

W -
n, ——i,n:—i!.
+ — +
'3 ——— =
-1/3 2 "
BosMoxkHBIE HBIIHE- sHavenMa m:n=0,n=1,n=2.
—-n+1
Mpun=0, —‘ 1 - nenoe uucno, Tornax = 1.
—bn-—1
n’—n+] ]
Tlpun=1, = —— — He LeJloe YHCIIO.

"2m—-6n-1 5

N =x_ . - e
Haxom!mx.m—Z, l=-x=2+2xx 3

sz
Omeem: T 1.

TIpamep 3. Ha nocke 3anncaro yucno 7. Pas B MunyTy Bacs nonm-
ChbIBAET HA JIOCKY O/IHO YyHcNo: 6o BaBoe GoNble KAKOTO-TO W3 YHCEN
Ha nocke, MM6O paBHOE CyMME KAKWX-TO JIBYX YHMCEJ, HAMUCAHHBIX Ha
nocke (TakuM ofpaszom, Yepes oflHy MMHYTY Ha J0OCKe MOSBIAETCA BTO-
poe YHCIO, Yepes JIBE MHHYThI — TPEThE YHCIO0 H T.4.).

a) Moxer 14 B Kakoii-To MOMENT Ha [JocKe NOABUTLCA YHcio 20137

6) Mosker 11 B KaKOH-TO MOMEHT CYMMa BCeX YHCell Ha JOCKe paB-
HRTBCA 637
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B) Yepe3s kakoe HaWMeHblliee BpeMS Ha JIOCKE NosBUTCA Yucno 7847

Pewenue: a) 3ameTuM, uTo Kakaoe uWc10 OyieT denuTbed Ha 7.
JelicTBUTENBHO, MCXOAHOE YHCIO JE/IUTCA Ha 7, B clTyqae yIBoeHHs YHc-
na, enAwerocs Ha 7, Mony4yHTCa YMCAo, Aenduieecs Ha 7. A npH cioxe-
HHH YKcen, TeTAWNXCS Ha 7, Takke MONYHHTCH YHC10, Aensuleecs Ha 7.
Takum oBpazom, Bee ydcna, 3anucaHlHble HA JOCKe, nendTca Ha 7, a 2013
Ha 7 He JeNnuTCH, CleoBaTe1bHO, OHO HE MOXET NOABHTHCA HA JOCKE.

6) Ja, moxer. [Tpumep 7 + 14 (yaBoennoe uncno 7) + 14 (yaeoen-
noe yucno 7) + 14 (yasoennoe uucio 7) + 14 (yasoeHHoe yucio 7) = 63.

B) IMepBbiit cayyail cilokeHus, TO eCTh 10 ITOro SbUIH TONBKO YBO-
exust, Takum obpazom, naxke ecii B TeueHHe NepBbIX 7 MHHYT CIENaHO
6 ynBoeHMii ¥ ofIHO CloikeHHE (B HEKOTOPOM nopsake), To Hanbonbiuee
YHCJ10, KOTOPOE MOKET MONYYHUTBCH, paBHo 2% 1,5 = 96, yTo meHbinel12.

Hrak, 3a 7 MunHyT yncno 112 noinyunts HeposzmokHo. [Tpusenem
NPUMEP, KaK ero MOKHO NOTYYHTE 3a 8 MUHYT.

151,24—-1,248—>1,248.16 > 1,2.4,8.16.32 >

- 1,2.4.8.16.32.64 — 1,2.4,8.16.32.64.96 (96 = 64 + 32) —»
= 1,2.4,8.16.32.64.96.112 (112=96 + 16).

Omegem: a)wet; 6) na; B) 8 MHHYT.

Ilpumep 4. Kaxaoe us uncen 1;-2; -3;4;-5: 7. -8; 9; 10; 11 no
OIHOMY 3anuchiBaeTcd Ha kKaprodkax. KapTouku nepesopauMBarOTCa M
nepemetnysaoTes. Ha X YyHCTHIX CTOPOHAX MHULUYT N0 OIHOMY KaXaoe
w3 uncen: 1;-2;-3:4;-5;7;-8;9; 10; —11. lMoce 3Toro 4kcna Ha Kax-
nm'i KapTovke CKIl1ajblBatoT, a ﬂﬁﬂy'-l&HHblB IECHATL CYMM I'IEPEMHO)K&IOT.

a) Moxert 1 B pesynbsTare nonyuHTbes yucao 07

6) Moxker M B pe3ynbTare nony4uTses yucio |1?

B) Kakoe HauMmeHBLIee Lie/loe HEOTPHLIATEILHOE YHCI0 MOXET No-
NYYMTECA B pesyabTare?

Pewenue: a) Cpenn DaHHBIX OECATH uHCesl HET NPOTHBOMOIOXK-
Heix. CymmMa uncen Ha Kakao# kapToyke He pasHa 0. [Tpon3seneHue He
MOXKeT 0OpallaTbCa B HONb.

6) Cpenn nanHbIX AECSTH YMCEN wWecTh HeyeTHBIX. Ha kakoi-To
KapTovKe MONalyTcd BCe HeYeTHbIE YWCNA, 3 UX CYMMa — YeTHOe “Hc-
1o, TOITOMY X NPOH3BEIeHHE — YHC/IO YETHOE, 4 MPOH3BENeHHe He Mo-
JKET paBHATLCA 1.

B) Urak, y Hac wecTs YHcen HeYeTHbIX, 3HAYMT, XoTd Ol Ha ABYX
KapTodKax ¢ oDenx CTOPOH 3anHCcaHbl HEUETHBIE YHCIa U CyMMa Ha 3TUX
KapTOMKaX — YHCI10 YeTHOE, 3HAYMT NPOH3BEAeHHe JeNuTed Ha 4.
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HaumeHblnee uenoe nonokHTeNbHOE YHCNO, Aendueecs Had, 3ro 4.
Ouo nosy4udTcs Npu cliefytolieM pacnonoxednu yncen: (1; 2); (=25 1)
(=3; 4); (4;-3); (=55 7); (7; -5); (=8: 9); (9; -8); (10; —11); (115 10).
Omegem; a) vet; G) HeT; B) 4.

Tlpamep 5. Haiinure Bce napel HaTypanbHeIX Yucen a u b, yao-
BIECTBOPAOILMX paBeHCTBY ab = a® + 23.

Pewenue: 3neck a u b — umdpst, npuuem a £ 0.

Jlerko npoeepHTs, wTo @ # l,ecnia=1, 10 10+ b=24, b=14 -
He mHdpa.

[Mycts @ = 2, Torna nony4um ypasHeHue 20 + =2+ 23,5 -3=2°,

yA H3 rpaduka nesoit v npaBoi YacTH
MOC/EIHETO PaBEHCTBA BHAHO, Y4TO
y ypaBHeHus b — 3 = 2" kopHeit Her,
TO €CTh PABEHCTBO HEBO3MOIKHO.
Tpu a = 3 umeem 30 + b = 3% + 23,
1 b = 3*- 7. HerpyaHo yBHOETb, YTO
3 X

b = 2 v napa (3; 2) yaosnetsopser
PaBeHCTBY.
Mpu a = 4, 40 + b = 4% + 23,
b+ 17 = 4%, Tpaduk npamoii y =
-3 = b + 17 nepecekaeT rpapuk GyHk-
/ uHH y = 4° B IBYX TOYKAX, HO CpelM
KopHe#H ypasHerns b + 17 = 4° na-
Prc. 1. TypanbHbIX Het (B3aTh b = 1; 2; 3).

[Mpua=5, b=5"—27 — paBeHCTBO HEBO3MOXKHO CPefIN HATYpPalib-
HEIX 3HaleHuiA.

OcTanbHble CTyHaH MOKHO He pacCMaTpHBaTh, TAK KAk 3Ha4eHUs
Mpagoit 4aCTH paBeHCTBa pacTyT GbicTpee, YeM B JieBO#.

Omeem: (3; 2).

ITpamep 6'. [lana yucirosad noclenoBaTeNbHOCTh, KOMKIbIA 4ieH
KOTOpO#, HaYWHaA ¢ TPETbEro, paBeH CyMMe IIBYX MpelbIIyLIHX 9IeHOB.
Crouwmm n 4ieHOB 3Toit nocnejosareabHocTH. Moker nu nonmyueHHas
cyMMa ObITh YHC/IOM YETHBIM, €C/IM BTOPOI 4WieH 3TOM nocnenosarelib-
HOCTH YHCIIO Y€THOE, a NpeanocielHHil — HedeTHoe yHcno?

! [punepst 6 1 7 SBAMOTCA ABTOPCKHMH.
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Pewenue: Tlyete a,, a,, 4,,..., a, — JaHHas NOC/IEI0BATENBHOCTD. Co-
MIACHO YCIOBHIO

a3=a2+al'
a=a,ta,
aﬂl=a “+an »
a=a ta

-1 w-2"
CaoxuB paBeHcTBa, nunylmma =a,+(a +a,+.+a )
2a +a =a,+§, Orcmnanumm.-{mS HEYETHOE, T.K. 2a wa,-

YETHLIEC ‘-IHCJ]B aa,_, — HEYCTHOE HHUCIO0.

Omeaeni: wer,

Ilpumep 7. Cywecteyer au apubmeTHyeckas NPorpeccHd ¢ HaTy-
PanbHBIMM “WIEHAMH, B KOTOPO# OTHOLLEHHE NEPBOIO WieHa K pa3sHOCTH
TAKKe ABIAETCA HATYPaibHBIM YHC/IOM, d WECTOH YNIEH, YIEH ¢ HOMe-
POM m ¥ IBAAUATHIA YleH COOTBETCTBEHHO 00pasyoT reoMeTpHYecKyHo
nporpeccuio?

Pewenue: TlycTb a, — nepsbiii wieH nporpeccuu, d — ee pasHocts. [To

P 85—-(m—-17 Sy
elIaeM HEPABEHCTBO —s——5 HATYpPATbHBIX YHCTIAX.
Haxonum m=11,m=12.
Mpum=11 1 5 -3 e N.
a, _85-121 _36
Howm=12 o=y g =7 ~J0e
Onnako
a = 184,

|
a, = 18d + 5d = 23d.
a,= 184+ 11d = 294.
a,,= 18d + 19d = 37d.
OTciona BHHO, UTO a,, d,,, d., He 06pa3yIoT reoMeTpHUecKy1o Npo-
rpeccHio.
Omeen; Her.



MpunoxeHue
PALMOHANBHbLIE HEPABEHCTBA
(3apannna ypoBHsa C3 ona CaMOCTOATENBHOrO
pelweHns Ao n3yyeHus Temsol «Jlorapudmo »
B WKO/MbHOM Kypce MareMaTHUKM)

Ilpu BBINONHEHWH AHarHoCTHYecKHX paboT no maremarnke B 10 n
11 knaccax no H3yvenus Temsl «Jlorapudmel» B KadecTBe 3ananua C3
npeanaraeTca peilinTs ApobHo-palHoHaibHbie HepaBeHCTBRa.

Pewnre HepaseHcTBa.

x+t2 _x-4 .,
X-6x+8 x*-477
Omaem: (—oo; =2)U[1; 2)U(4; +x).
5 NF-6x+9 Vx'-6x+9
o2+ 2x=-3 - x¥-1 °
Omeem: (—0; —3)U(-1; 1)U{3}.

(x+1 9
3. \I.r+6(x_2 x’—x—l]:"&
Omeem: [-6;—41U(-1; 2)U(2; +x).

T +tx-1T7 P-4

Omeem: (-2; —l)u(—-l; %}U(?; 3].

4 <32 —16x+20
X —6x+8 " (x—2p(x -4y
Omesem: (2; 4)U(4: 6].
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8. |x-3x"+9x-8 <9%-8.
Omeem: [1;3].

A Te__4 ¥
9. ((m Ty HIszH 3 <o.

Omeem: 1.
10 (x SYvx'—4x +4 - l} 4(\'1- 4x+4-—l)
' N g _x-1 /7N -1

Omeem: [—1: 0)U{l1}.

Pelinte cHCTEMBI HEPABEHCTB.

f(Ax* =dx+ 1)(x=2,5)20,
il. g Z 2

ix=1 TSy

Omaenm: {.I,"U[E.S; 4].

2

(N =2x -
12 { 1

ivx + ] -1
Omesem: [3:4]JU{-1}.

.

3
<

= Ir2 m

[ = 2x) = 2(x* = 2x) - 3 20,
13. ﬁ+ﬁ‘—:0

Omeem: (-, —11U{1}.
14. (x-:l}:.'-x:-:ZxEl?_Z’

W +7 <4,

Omeem: (-2; 1 T\JE]U[-J + \E; G‘]U“: 3Ju{-3}.
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